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ABSTRACT

This study contributes to the ongoing discussion of Mathematical
Knowledge for Teaching (MKT). It investigates the case of Rico, a high school
mathematics teacher who had become known to his colleagues and his students as
a superbly effective mathematieather. His students not only developed
excellent mathematical skills, they also developed deep understanding of the
mathematics they learned. Moreover, Rico redesigned his curricula and
instruction completely so that they provided a means of supporisfetutdents to
learn mathematics the way he intended. The purpose of this study was to
understand the sources of RicoOs effectiveness.

The data for this study was generated in three phases. Phase | included
videos of Rico's lessons during one semestandkligebra Il course, possson
reflections, and RicoOs setinstructed instructional materials. An analysis of
Phase | data led to Phase II, which consisted of eight extensive stimulated
reflection interviews with Rico. Phase Il consisted of a con@@tnalysis of the
prior phases with the aim of creating models of RicoOs mathematical conceptions,
his conceptions of his students' mathematical understandings, and his images of
instruction and instructional design.

Findings revealed that Rico had denped profound personal
understandings, grounded in quantitative reasoning, of the mathematics that he
taught, and profound pedagogical understandings that supported these very same

ways of thinking in his students.



Rico's redesign was driven by three fast (1) the particular way in
which Rico himself understood the mathematics he taught, (2) his reflective
awareness of those ways of thinking, and (3) his ability to envision what students
might learn from different instructional approaches. Rico alwaysidered what
someone might already need to understand in order to understand "this" in the
way he was thinking of it, and how understanding "this" might help students
understand related ideas or methods. Rico's continual reflection on the
mathematics hknew so as to make it more coherent, and his continual
orientation to imagining how these meanings might work for students' learning,
made Rico's mathematics become a mathematics of stiidemacting how he

assessed his practice and engaging him in anc@btprocess of developing MKT



It is with deepest love and admiration that | dedicate this dissertation to my

mother, Maru Ram’rez.
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CHAPTER N STATEMENT OF THE PROBLEM

It is important that mathematics education research develop a deep
understanding of the complexities of teaching and the ways in which teachers
managehem. With this, we can plan and act judiciously in helping teachers and
preservice teachers to improve their practice and in turn provide better
opportunities for student learning.

First, what does it mean to be an effective teacher? In spite of thealept
research in the field, there is no consensus as to the definition of an effective
mathematics teachdfranke, Kazemi, & Batte¢2007)assert that: Owhat
constitutes good teaching is consistently controversial and will remain
controversial@.226). Other researchers affirm that the question: Owhat makes
mathematics teachers effective?O does not have an obvious or easy answer
(Hiebert & Grouws, 2007)This lack of agreement is partbecause the idea of
effective mathematics teaching rests implicit on researchersO and teachersO notions
of learning(Kirshner, 2008)the philosophical underpinnings of the research
(Wilson, Cooney, & Stinson, 2005 ndthe disparity of views about teaching
entailed by cultural differencé€Bryan, Wang, Perry, Wong, & Cai, 2007; Pang,
2009)

Researchers have used different lenses to better understand what is
entailed in diverse views of effective teaching. Kirsh(@&08)points to distinct
metaphors of learning (e.g. learning as habituation, learning as construction,

learning as enculturation) as a way to frame discussions of what Ogood teaching®



means. Balld4991)review of research on teaching and the role that subject
matter knowledge plays in defining teacher effectiveness revealed that views of
effective mathematics teaching arféen tacit in the research paradigms under
which the studies take place. Other researchers call attention to cultural
differences in views of effective mathematics teaching. For example, in a study of
what teachers from different countries believe effecthathematics teaching to
be, Cai et al(2007)found that teachers from Australia and US had more to say
about teacherOs enthusiasm, rapport with the students, and classroom management
as characteristics ain effective mathematics teacher, than teachers from
Mainland China and Hong Kong. Instead, the latter teachers focused on how well
teachers prepare and present a lesson and their ability to provide clear explanation
of the points covered in the lessonatkers from these countries did not mention
classroom management at@ryan, et al., 2007)

Moreover, the stdy of effective mathematics teaching necessarily entails
a simplification of teaching and its relationships to student learning. In
constructing a model for studying teaching and learning, researchers need to
decide to put more emphasis on some asped¢teohodel, discarding others
(Fenstermacher & Richardson, 2005; L. Shulman, 1986; A. G. Thompson &
Thompson, 1996 Hiebert and Growg007)point out that the ways in which
teaching influences studentsO learning does not have a trivial answer and

Odocumenting particular featarof teaching that are consistently effective for



studentsO learning has proven to be one of the great research challenges of
educationO (p.371).

Aware of the different ways in which effective teaching can be appraised,
Fenstermacher and Richardg@005)propose three models that provide a lens to
differentiate between successful, good, and quality teaching. For them, successful
teaching is one that produces learning, regardless of the method being used. In
this sense,féectiveness in teaching should be measured by student ledrning.
Good teaching is Oteaching that comports with morally defensible and rationally
sound principles of instructional practiceO (p.189). In this case, what the teacher
knows and the methods theite uses are central in considering whether a
teacherOs actions constitute good teaching. According to Fenstermacher and
Richardson, the lens that researchers use to value good teaching can be viewed as
learnerdependent or learnaensitive depending dhe role that student learning
plays in the researchersO judgments about thigyopfa teacherOs instruction.

For example, a researcher displays a leaseasitive perspective if she defines an
effective teacher as one who adjusts her actions basgtairshe interprets the
studentsO thinking to be. On the other hand, a researcher displays a learner
dependent perspective by taking into consideration measures of student
learnindN such as tests or intervieWsvhendefining effective mathematics

instructian. Finally, Fenstermacher and Richardson argue that quality teaching

! Usually, student learning has been measured by students® achievement in
standardized tests.
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goes beyond the combination of good and successful teaching, because Olearning
does not depend only on good teachingO. Quality teaching refers to: Owhat we are
most likely to obtain whethere is willingness and effort on the part of the

learner, a supportive social surround, ample opportunity to learn, and good
practices employed by the teacherO (p.191). Each view, whether it refers to good
teaching, successful teaching or quality teaghémtails the use of different

methods to investigate the phenomenon of teaching.

For this study, | followa learneisensitive perspecti¢éo investigate what
constitutes effective mathematics teachrgpod teaching in the sense of
Fenstermacher ariRichardson (2005)rhis means that instead of trying to
document whether the teacher is successful in relation to his studentsO learning,
the main focus of analysis @ understanding the teacherOs actions and the
systems of meanings and values that gse to them. In other words, my goal
with this study is not to provide evidence of the teacherOs effectiveness in
teaching mathematics. Instead, | am trying to understand the ways in which the
teacher understands the mathematics that he teaches sosoid kis design of
instruction.To do so, this studinvestigats the case of Rica high school
mathematics teacher who had become known to his colleagues and his schoolOs

studentsO as a superbly effective mathematics teacher. His students not only

2 A consequence of selecting a learsensitive perspective to the investigation of
what Fenstermacher and Richardson (2005) would refgo@s$teachingis that |
analyzed videotaped lessons of the teacherOs instruction (among other artifacts).
However,l did not follow individual student learning in this study.

! 4



deweloped excellent mathematical skills, they also developed deep understanding
of the mathematics they learned. Moreover, Rico redesigned his curricula for his
Algebra 1l honors courdéwhich is the main focus of analysis for this sthdynd

his instruction cmpletely so that they provided a means of support for both him
and his students to learn mathematics the way he intended.

The purpose of this study is to understand the sources of RicoOs
effectiveness by exploringicoOs thinking. By RicoOs thinking | méee ways in
which Rico understands the mathematics that he teaches and the ways in which he
frames the learning goals, material support and instruction for his Algebra Il
course in relation to his studentsO leatninthis sense, a focus on the teaser
thinking can produce a model composed of interacting parts, in which no element
acts in isolation. Components of the model refer to the way in which the teacher
envisions the curriculum to be taught (whether driven by sections of the book or
by ideas ad ways of thinking), the teacherOs mathematical knowledge for
teaching (MKT) (as a way in which the teacher transforms his own mathematical
understandings into pedagogical actions), and attention to the studentsO
mathematics from a developmental perspectiv

By adopting this perspective for investigating what constitutes effective
mathematics teaching, this study contributes to research in providing
characterizatios of the teacherOs mathemalitss is relevant because recent

discussions on teacher knadbe and its impact on effective mathematics



teaching have focused on teachersO mathematical performance abilities and not on
the teacherOs ways of thinking that can support effective teaching.
The research questions that this study investigates arellth&ing:
¥ What are mathematical ideas and ways of thinking that Rico envisions for his
students as suggested by his design of instruction?
¥ What are the mathematical understandings that support RicoOs pedagogical
actions and design of instruction?
¥ What areRicoOs conceptions of his studentsO mathematics?

¥ In what ways do the above express themselves in RicoOs teaching?



CHAPTER XN LITERATURE REVIEW

Introduction

In what follows | present excerpts of amterview’ with Rico that will
allow me to better explaithe reasons why this casevaluable.The excerpts
illustrate aspects of RicoOs mathematical knowledge as it pertains to teaching
Algebra |l that lie outside the scope of mpast research on teachersO MKT, and
hence as highlight important asgcts of RicoOs thinkingoutline the esearch
literature that | drewapon to investigate his MKT. This also provides an
opportunity to state the reasons why some research literature that one might think
is important for investigating RicoOs effectivengsmt useful to investigate the
complexities in RicoOs thinking.

The interview took placan March of 208, eight months after RicoOs
initial contact with his pfessional development program. Of ndRé&o
described the reasons whg changed the conteof a unit on systems of linear

equations and about his motives for changes in the way he taught it. He described

*This interview took place in the context of a research and professional
development project called Teachers Promoting Change Collaboratively (TPCC)
for which my advisor, Dr. Patrick Thompson,sstaie P.1. and | was a research
assistant. It was in the context of analyzing the data from the project that | first
met Rico, who at the time was a participant in the project. In Chapter 5, | will
expand on RicoOs background as a teacher.

! 7



the new ways in which he conceived what he wanted his students to learn and

how he adjusted his curriculum and teaching accordihgly.

Excerpt 1. Why Rico changed his approach of Systems of Equations (March,

2006).

Interviewer Last fall you prepared a special unit on systems of equations. Why
did you do that, and how did it go?

Rico: Of all the concepts that | teachiriting equations of lines and solving
systems of equations has just driven me crazy. Because no matter how
many times | explained it to students ané aenone year it got to the
point, because there was these series of questions that they will nirss all
their final exams and they dideld well on the AIMS questionswas just
trying to get them.his year | will make sure that they nail these
questions. And, so evy week or two, just as a wanap | had them
review solving systems of equations, tmg an equation. Every time they
saw them, it was like, "I've never seen this before in my life". And, you
know, | did [this] every couple of week&nd as | began to look ahead at
what we were going to do for that particular lesson [applications sextion

solving systems of equations], | realized that our textbook doesn't prepare

* While RicoOseflections were about teaching systems of linear equations for his
Algebra | course, this is not the only unit he eventually redesigned. Specifically,
15 months after this interview he completely rearranged the standard curriculum
for his Algebra Il coursewhich is the focus of main interest for this study. An
outline of how Rico modified the standard curriculum in Algebra Il will be
provided in Chapter 5.

I 8



them for that kind of thinking. That really what it does is, and | think this

is pretty typical of the way the Americéextbooks and curriculum works;

it goes throughesveral gctions where it saysh&e you graph two lines
andyou find the intersection point@dathen, Ohere's algebraically how
you can do a substitution methodO, and Ohere's how gddition and
subtraction method@nd then they put it into a word probleasnd expect
them [the students] to understand what the slope means, how to write
equations out of the word probleand do like four or five things and put
all of them in context without ever having told them to do that. Even
though they sometimes put theplems in a word problenm these

earlier sectiongt was always(here's 20 drill problems of doing this

without contexD, ad now, after they areralady getting bored with this,

(nhere's the word problem that's kind of going to make you @hinkd

they are done. They just quit and they don't know how to do it. They don't

know how to write equations.

In Excerptl, Rico spoke othis extraordinary effort to help students
remember procedures for solving systems of linear equations and his frustration
that, despite these measures, students remethiery little. H alsospoke othis
insight as to why these measures were ineffelstive textbook never prepared
them for the kind of reasoning that applying these methods presumes.

One explanation as to why his students acted as if they had never seen

such problems before even after actually having seen many is that they did not



develop productive ways of thinking about such situations. In other words, they

did not learn to conceive of described situations in terms of quantities,

relationships among them, and to express this conception in algebraic expressions

(Ellis, 2007; Lobato & Siebert, 2002; Smith & Thompson, 2008; Patrick W.

Thompson, 1990, 1993, 1995). To do so, as Rico pointed out, students would

need to experience instruction and tasks that were designed to help them do just

that. But the textbook chapter presented one procedure after another, having
students practice applying those procedures without any context leaving the word
problems until the end of the section. Thus, the textbook did not support Rico in
fostering such learning nor did it provide students the support they needed to
develop those ways of thinking.

Excerpt2: Rico's rationale for the changes he mghiarch, 2006)

Rico: So, even before the systems of equations chapter, I looked at the way that I
was teaching writing equations of lines. I really focused on the meaning
behind ‘slope’ [rate of change]; this way, when I got them to the chapter
they have already a little bit deeper understanding of that. And then, I re-
did the way that I taught the chapter entirely. I started off day one, with a
big word problem that I just asked them to think through and give me
answers for. And I didn't care how they did it. Different students knew
more about using the graphing calculator, the technology, or some
students just plugged points until they found something, but I wanted them

to work through the word problem. And then we looked at all the different

! 10



solutions that they created. And I kind of used that as an idea as we kept
going. So as we got into the early sections, every day I would give them a
big word problem to start with. And I would focus their discussion on
creating a table of values to describe what is going on and how can we
look...“now, when these values are equal what does that really mean”,
“now we are looking at writing equations for these and what do the
equations mean”, “what does the slope mean, the vertical intercept”...So
then, they were really building their understanding for the procedures out
of the contextual problems. And I did that every single day as I was
building substitution method, showing them...having them explain to me
why would they replace y in one equation with what it equals. Then when
I would give them those abstract problems with no context, that was
always at the end. “Ok, now you know what all those mean, so you don't
have to know what X and Y represent; you can still solve it the same way”.
And, students were telling me: “this is interesting”, “this is easy”...We
ended up doing a project. They went out and they found something that
they enjoy doing and they found something that they could write a system
of equations. They came together and they worked in groups. They did a
presentation on how to find the solutions and what it meant for the context

and no problem. In the test I gave them harder problems, than I did in the

past. Even when students were missing the algebra on it, they still were

11



showing that they knew what they were doargl how to solve the

system.l.have never experienced that before. It was amazing.

As with theExcerptl of RicoOs interview, there are some aspects that
deserve attention. First, Rico did not think of tiistems of equations chapter
isolated from the rest of the material that would need to be presented in the
following monthsinstead, he anticipated that, if students were to think about
systems of equations in powerful ways, then there were other ideas that students
needed to destop previously, such as Oslofi&@erpt2). One cannot discern
from RicoOs interview what he meant by Othe meaning behind slopeO, but the
instructional materials he creatd his Algebra Il courseuggest that the idea of
constant rate of change between two varying quantities was key to his
development of a meaningrfslope. From this point of view, solving systems of
equations fits into a larger context in which students are provided with
opportunities to think about quantities and how they are related, instead of
meaningless application of procedures, that do ncessarily convey anything
about the relationships between the quantities involved in the problem.

The second aspect that can be highlighted feoerpt2 is that RicoOs
understandings of systems of equations allowed him to envigferedces in
what students might learn from the two different instructional sequences (the one
from the textbook, as mentioned above, and the one that he created based on the
ways of thinking about systems of equations that he wanted the students to

devebp). He anticipated that the symbolic procedures, which the textbook taught

! 12



without meaning, would emerge meaningfully and naturally, under his guidance,
from the reasoning that students developed as they created approaches to solving
problems that were gunded in their understandings of the situatidhaérpt2).
Furthermore, he had an image of how he would carry out instruction following the
two approaches (e.g. the problems he would pose, the conversations that he would
have withstudents). He was able to imagine what students would learn by
following the traditional approach, in comparison to what they might learn from
his redesign of the curriculum and instruction. Finally, he spoke about evaluating
the efficacy of his new approla by asking students to solve the kinds of problems
that he textbook poseadnd by asking them to find situations within their
everyday lives for which systems of equations might be appdicabl

In summary, the case of Ricovimrth studying because his thamatical
and pedagogical understandings are such that his teaching is attuned with what
has been described agonceptual orientation to mathematics teaching
(Silverman & Thompson, 2008; A. G. Thompson, Philipp, Thsom, & Boyd,
1994; A. G. Thompson & Thompson, 1996; Patrick W. Thompson & Thompson,
1994) That is, his actions seem to have been driven by:

¥ An image of asystem of idea@ndways of thinkinghat he intends the
students to develogA. G. Thompson & Thompson, 1996)
¥ Constructed models of the variety of ways studerdagunderstand the

content (decentering);

¥ An image of how someone else might come to think @htlathematical

! 13



idea in a similar way;

¥ An image of the kinds of activities and conversations about those activities
that might support another person's development of a similar
understanding of the mathematical idea;

¥ An image of how students who have coméhtink about the mathematical
idea in the specified way are empowered to ledmarotelated
mathematical ideaSilverman & Thompon, 2008)

In the pages that follow, | present a brief review of the literature in
mathematics education research regarding issues of MKT that were highlighted
from RicoOs intervidWhis ability to envision what students might learn from
different instuctional approaches and his command of the mathematics with
regard to how students might experience it more coherently. Whether a study
contributes to a focus on teachersO ways of thinking mathematically or ways of
thinking about their studentsO matheesat my primary criteria for deciding
whether to build upon it in my study. Though not all of the research reviewed here
is useful for investigating teachers® mathematical ways of thinking and their
instructional decision making, | do review several majagrams of research as |
make the case for why | do not take them as foundational. As such, | first explore
current research in effective mathematics teaching. Then, | present a synthesis of

different frameworks fomathematical knowledge for teaching



Effective Mathematics Teaching

The idea of effective mathematics teaching is an elusive concept that
defies a simple characterizatiidang, 2009)Nevertheless, it has been present in
the research literature for decades. In the previous chapter, | raised some of the
issues that are related to the investiign of what constitutes effective
mathematics teachifythat researchersO and teachersO conceptions of effective
mathematics teaching are influenced by their notions of learning, their
philosophical underpinnings, and their cultural identity, among athers

In this section | elaborate on some aspects that haveedaaitention in
prior researcN attendingto student thinking, mathematics that students
experience, and teacher knowleNgend that researchers have identified as
factors that influence effectivmathematics teaching. | emphasize that | donOt
mean that these are the only aspects that have been considered as influential in the
ongoing discussion on what constitutes effective mathematics teaching. Rather,
my focus ison those aspects thatovide spport to my selectioof the
framework that | usetb study RicoOs thinking.

Attending to student thinking. Attending to student thinking has been
considered an important factor that contributes to effective mathematics teaching
(Chamberlin, 2005; Fennema, et al., 1996; M. L. Franke & Kazemi, 2001; Hill,
Ball, & Schilling, 2008; McClain, 2002; A. G. Thompson & Thompson, 1996;
Patrick W. Thompson, 1994a)IcClain (2002)states tht, Oresearch on effective

teaching often characterizes the teacherOs classroom dewgiog process as
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informed by the mathematical agenda but constantly being revised and modified
in action based on studentsO contributionsO (p.217). For reseantioels, af
what it means to attend to student thinking would be more or less similar to this:
attending to student thinking entails a constant interaction between the learning
goals (which need to be stated in cognitive terms and thus attending to aotheory
learning), the instructional material (the activities that are designed-and re
designed as the teacher interacts with the students) and the actual instruction that
occurs. This interaction should also be informed by a constant assessment of what
the teaher interprets that students understand based on their engagement in
instruction. This assessment derives from holding conversations with the students
and Olisten[ing] for cues as to what sense students have made of what was said or
done, including askinépr studentsO interpretations of(R@trick W. Thompson,
2002, p. 193)

This elaborated model of what it means to attend to studentsO thinking
does not necessarily reflect what happens in classraaththus, what teachers
mean by attending to student thinking. tbeone hand, Franke, Kazemi, and
Battey(2007)state that Omost U.S. mathematics classrooms maintain an
initiation-responseevaluation (IRE) interamn pattern, where the evaluation
move on the part of the teacher focuses on studentsO answers rather than the
strategies they use to arrive at them. The teacher assumes responsibility for
solving the problem while student participation often involvesidiog the next

step in the procedureO (p.229). Teachers engage students in proceadre
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discoursegsasking for right answers rather than studentsO reasoning behind those
answerqSpillane & Zeulli, 1999; A. G. Thompson, et al., 1994#)this sense,
attending to what students say serves to pace instruction rather than to shape it
(Wilson, et al., 2005)

On the other hand, the notions of student learning from which teachers
operate do not often reflect what research&end, often graduating from teacher
education without an appreciation of how children come to know mathematics or
ways in which discourse invites mathematical thinKi@gouws & Shultz, 1996)
Researchers at the elementary level, specifically the Cognitively Guided
Instruction (CGI) prect, have embarked in efforts to Ohelp teachers build
relationships between an explicit reseabelsed model of childrenOs thinking and
their own studentsO thinking by encouraging reflection on how the model can be
interpreted in light of their own studismand classrooms(Bennema, et al., 1996,

p. 405)While these researchers claim that there exists a Omodel of childrenOs
thinking [that] is extremely romiQ(ibid., p. 408)for teachers to compare their
actual studentsO thinking to such model and adapt instruction accom@tiagly,

high school level this is not the case. Thaachers need to create those models
themselves when they develop instruction. To do so, teachers need to reflect on
the GtudentsO thinking en route to developing a richer understanding of the
studentsO athematic§Steffe, 1994t play E [or ways in which] one might help

a student who understands the mathematics in a certain way develop a deeper

understanding(®ilverman, 2005, pp. 336).
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The mathematics that students experience in their courses according
to crosscultural studies. Current research on effective mathematics teaching has
adopted a crossultural perspective. The rationale behind this perspective, as
Hiebert et al(2005)notes is Obecause teaching is such a common activity, one
embeded within a culture, it can be difficult to notice common features,
especially those that are most widely shared. Contrasts with less familiar methods
used in other countries make oneOs own methods more visible and open for
inspectionO (p.112). Insightgeeding teachersO beliefs of good practice, and the
mathematics that students are taught, are some of the salient aspects of this
perspective to the study of effective teaching.

Regarding teachersO beliefs of good practice, Cai and coll¢200@s
examined mathematics teachersO beliefs on effective teaching from a cross
cultural perspective. Their study sheds light on what teachers from China, Hong
Kong, the US, and Australia value as important characteristieffective
mathematics teachers. For example, teachers from Australia and the US valued
teacherOs enthusiasm and rapport with the students, while teachers from China and
Hong Kong did not. Teachers from China and Hong Kong focused on how well
the teackr prepares and presents a lesson and the teacherOs ability to provide
clear explanation@Bryan, et al., 2007)Another important difference that Bryan
et al. found is that US teachers considered classroom management as a
characteristic of an effective mathematics teacher, whereas teachers from other

countries did not mention classroom managenat all(ibid.).
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The second aspect that crasdtural studies have uncovered refers to the
mathematics that the students in different countries experience in their
classboms. For example, drawing from the results of the video component of the
Third International Mathematics Science Study (TIMSS), Stigler and Hiebert
(1999)and Stigler et al1999)developed an analysis of eighghade
mathematics teaching using probability samples from three countries, Germany,
Japanand the United States. Results revealed that students in the U.S. experience
mathematics as a set of procedures for solving problems, where students are
expected to develop skills, rather thmake sense of situations and ideas and
solve problems based there@n another study that also draws from TIMSS,
Schmidt et al(Schmidt, Houang, & Cogan, 2002; Schmidt, Wang, & McKnight,
2005)compared the US curritum to the curriculum from higlchieving
counties. The authors found that US curriculum introduces a wide variety of
topics in each grade, becoming highépetitive across gradescluding content
that is not very demanding and lacking coher&nce

In summary, results from crossiltural studies,dgether with teachersO
attending to student thinking highlight the crucial role that teachers play for
effective mathematics teaching. TeachersO beliefs about mathematics and

instruction, as well as the curriculum, are essential for providing students with

> For this study, | follow Thompson@€08)idea of coherence of a curriculum,

which states that, Ocoherence is more than just a sequence from less sophisticated
to more sophisticated topics. Coherence of a curriculum (intended, implemented,

or experienced) depends upon the fit of meandey®loped in itO(p.49).
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opportunities to learn mathematics that strives for developing coherent meanings
and problem solving.

Teacher knowledge and MKT.The idea that teachersO mathematical
knowledge is essential for effective teaching is widely accepted. Despite this, the
ways in which researchers have comednceptualize teacher knowledaged the
ways in which they have tried to measure its impactagcliing has varied
greatly. In her review of the literature of research on teaching(Eall)
highlighted how teachersO subject matter knowlefigered, faded, and
reappeared as key influence on the teaching of mathematicsO (p.1)

In the 1960s, researchers approached the study of effective teaching by
exploring the link between measurable teacher characteristics (e.g. years of
teaching experienceredits in mathematics, having a major or minor in
mathematics) associated with student achievement in mathematics. Overall, no
single teacher characteristic as a representative of teacher knowledge was found
to be significantly correlated with studdearning(Deborah L. Ball, 1991)

Later, teachersO generic behaviors (e.g. pacing, questioning, clarity) were
incorporated to research studies with the goal ofigryo find what would better
predict student learning. TeachersO subject matter knowledge faded into the
background of the studies serving only as context of the studies. Mixed and
inconclusive resultied researchers to reject the notion thtzgervabledacher
behavior was the full storys suchresearchers developed new ways of studying

and representing teacher thinking. The notion of effective mathematics teaching
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shifted into thabtf expertisge.g., Leinhardt, 1989; Leinhardt & Smith, 1985)
where he most effective teachers were the experts; whichmtrast to novices
expertsdeveloped lessons with rich agendas, consistent but flexible lesson
structures, and gave explanations that met the goalsriyiclg concepts and
procedureg¢Deborah L. Ball, 1991)

TeachersO mathematical knowledge started to regain attmion
eventually, was again seen as essettitle characterizatiorf effective
mathematics instructioin 1986, Shulman introduced the idedP@K to address
the issue that content knowledge is not sufficient for teachers to be successful (nor
are general pedagogical principles of Ogood teaching®). For Shulman, PCK
consisted of the ways of making subject matter comprehensible to others
(represetations of ideas, analogies, illustrations, examples, explanations, and
demonstrations), identifying which topics are most difficult to understand, and
studentsO conceptions andgqeceptions.

For the past two decades, researchers in mathematics edueate built
upon and extended ShulmanOs idea of PCK and have developed different
conceptualizations of matimatical knowledge for teachifigmathematical
knowledge that is specifically useful in teaching matheméfieborah L. Ball,
Thames, & Phelps, 2008; Hill, et al., 2008; Silverman & Thompson, 2008)
Grounded in these different conceptualizations of MKT, frameworks have
emerged from researchersO attempts to understand and characterize, and in some

cases, even rasure what they see as MKT.

! 21



ResearchersO conceptualizatiohMKT differ in many waysat the core
of these differences is how researchers think about knowledge. The first
difference is whether MKT can be interpretechiran objectivist point of vief
thatis, as knowledge that is independent from the knower. As a consequence of
this perspective, the focus of investigation becomes what there is to know to
become an effective mathematics teacher. On the other hand, MKT can be seen in
an active sense, meanitigat knowledge is dependent on the knower. In this
sense, the question becomes: in what ways does the teacher need to understand
the mathematics so that she can become an effective teacher?

The second difference between conceptualizations is whether BB r
to Oknowing in the momentO or if it refers to Oknowledge that drives what the
teacher does in the momentO. The notion of MKT as Oknowing in the momentO
builds from the idea of PCK. Ball and B42900)define PCK as the knowledge
base that bundles mathematical knowledge, knowledge of learning, and pedagogy.
These bundles help the teacher anticipate what students might have trouble
learning, and they entail having reaal{ernative models or explanations to
mediate those difficulties. In addition to those previously acquired makdels,
teacher needs to be able to engage in what Ball and Bass call a Oreal time problem
solvingO. This problem solving involves attendingeriorteting, deciding, and
making moves as teachers look at student work, choose a text to read, design a
task or moderate a discussi@eborah L. Ball & Bass, 2000 a similar vein,

Masm and Spencgl999)state that, OShulmanOs forms of knowledge are
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supposed to equip the effective practiBoto act, but knowingp act when the
moment comes requires more than having accumulated knowdeogeO
(p.139). The authors further explain that knowiogct is when relevant
knowledge comes to the fore so that it can be acted upon.

The excerpts frm RicoOs interview show that the ways in which he
understood the mathematics that he teaches goes far beyond what can be observed
in the moment of teaching. He had an understanding of systems of equations that
allowed him to envision what students werengtio learn from the two
approaches he contemplated. Furthermore, he had an image of how he would
carry out instruction in both approaches. This is not MKT in the moment. Instead,
this is MKT that guided what Rico did in the moment. Silverman and Thompson
(2008)refer to this MKT as neither ObundledO in advance, nor as just being able
to Oact in the momentO. Instehdy speak of MKT as entailing the ability to
discern the network of mathematical ideas into which particular pedagogical
choices will thrust the subsequent instruction and as the body of mathematical
understandings that allow a teacher to act in theys s@ontaneously.

In summary, teachersO MKT has become central to the discussion of
effective mathematics teaching. But the frameworks that have emerged in this
arena are substantially different. In what follows | present an overview of two of
these framewarks: Ball and colleaguesO and Silverman and ThompsonOs. Then, |

will discuss specific aspects of the frameworks that lead to my framework choice.



Ball and colleaguesO frameworlBall and colleagues have been working
to characterize and define the constfdVIKT for more than fifteen years and
their work has followed two clearly identified lines of research. As explained by
Ball, Thames and Phel¢2008) in their first project the research group took an
empirical approeh to understand the content knowledge needed for teaching
mathematics. They focused on Othe work teachers do in their tegdbichgOp.
390). In what they call a related line of work, the research group also embarked in
developing survey measures of content knowledge for teaching mathematics. It is
by integrating these two lines of research that they have proposed a refinement to
ShulmanOs model of PCK, which they call: a pradiased theory of content
knowledge for teaching.

Ball and colleagues, building from the seminal work of Shulman on
pedagogical content knowled@e Shulman, 1986; Lee Shulman, 198artition
MKT into two man categories: subject matter knowledge and pedagogical
content knowledgeHigurel). Subject matter knowledge is further partitioned
into three suldlomains.common content knowled(€CK), specialized content
knowledgg SCK), and knovwedge at the mathematical horizon. They describe
CCK as the Oknowledge that is used in the work of teaching ininvegsimon
with how it is used in many other professions or occupations that also use
mathematics@Hill, et al., 2008, p. 377)As they define it, this knowledge helps
someone perform, say, a subtraction computation without mistake. SCK is

defined as Othe mathematical knowledge that allows teachers to engage in
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particularteachingtasks, iluding how to accurately represent mathematical
ideas, provide mathematical explanations for common rules and procedures, and
examine and understand unusual solution methods to prob{Baiséx al., 2005;

cited in Hill, et al., 2008, p. 377This knowledge would help the teacher identify
when a student has made a mistake in a computation, validate an alternative
method, provide an appropriate represeématio an example based on the
studentsO level of understanding. Finally, the thirelsatmin, knowledge at the
mathematical horizon refers to knowledge of Ohow mathematical topics are
related over the span of mathematics included in the curricuiDetiorah L.

Ball, et al., 2008, p. 403)

i
i
Subject Matter Knowledge | Pedagogical Content Knowledge

/’_\
Common Knowledge of
KConltegi Santent irg:ds
nowledge iali tudents
€cR | Soment " | knowiecge
o
Knowledge Kn(osmg%ge Knowledge of curriculum
at the Content and
mathematical Teaching
horizon (KCT)
\—/

Figure 1 MKT according to Hill et al. (2008)

The second category of MKT is associated with ShulmanOs notion of
pedagogical content knowledge (PCK). It is partitioned inéothree sub
domainsknowledge of content and stude((€S), knowledge of content and
teaching(KCT), and knowledge of curriculum. The first sdbmain of PCK,

KCS relates knowing about students and knowing about mathematics. This sub

domain refers to schersO understanding of how students learn particular content
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(common errors students make, ways in which previous knowledge can support
learning of other topics, etc.). The authors further state that it Ois sepamable fr
knowledge of teaching movgor example, how best to build on student
mathematical thinking or how to remedy student err@ksilQet al., 2008, p.

378). KCT, the second sutlomain of PCK, combines knowing about teaching

and knowingabout mathematics. This knowledge informs teachersO decision
making during planning and instruction. The last-doinain, which Ball and
colleagues include, but clarify that needs to be refined, refers to ShulmanOs
knowledge of curriculum, Othe full rangieprograms designed for the teaching of
particular subjects and topics at a given level, the variety of instructional materials
available in relation to those programs, and the set of characteristics that serve as
both the indications and contraindicatsofor the use of particular curriculum or
program matesils in particular circumstand®@_. Shulman, 1986, p. 10)

Ball and collegues are interested in the mathematicstdathers usm
teaching, not in teacheper se In other words, the framework characterizes
knowledge as a discipline and not as someoneOs understandings about the ideas of
the discipline. This way of defininglKT is useful, as Silverman and Thompson
(2008)point out,as a way to share strategies for teaching, which includes an
awareness dhe typical misconceptions that students have when taught particular
topics.However, this approach is n@ognitive in that there are no teacherOs
cognitive processes involved. Agch, thisapproab is not conducive in

explainingaspects of RicoOs thinking, specifically the reasonstvehgecided to
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change his unit on systems of etjoias in the manner he did, why he re
structured his teaching as he did, and ways in which he magietdeveloped
new knowledgeNor does the Ball et al. framverk help me explain the ways
Rico thought of the restructured content and instruction impacting his students
learning. To do this, | need a framework that addresses teachersO thinking and
reasomg, and transformations in that thinking and reasoning.

Other researchers have built upon Ball and colleaguesO work on MKT.
Two of these groups are Ferridiundy et al.(2005)and Adler and Davig2006)
In the case of Ferrifilundy et al.(2005) theydeveloped @onceptual
framework for understanding and assessing teachersO matHematidadge
relative to algebra instructipmwith a specific emphasis on algaic expressions
and equations along witmear relationships. The authorsO main goal is to use the
framework as a template for organizing the knowledge needed for or used in the
teaching of algebra and to lay the groundwork for empirical research that probes
the connections between teachersO mathematical knowledge and student outcomes
in algebra. Adler an®avis(2006)from the QUANTUM project, are concerned
with Othe mathematics (how much and what kind) the middle school and senior
school teachers need to know and know how to use in order to teach mathematics
successfullyOnal Ohow, and in what ways, programs that prepare and support

mathematics teachers can/do provide opportunities for lear(ir@jicl).

® QUANTUM is the name given to a research and development project on quality
mathematical education for teachers in South Africa.
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Both groups have built from Ball and Bassfionof decompression or
unpacking in ordeto deconstruct oneOs own mathigabknowledge into less
polished and final form, where elemental components are accessible and visible
(Deborah L. Ball & Bass, 2000, p. 99his assumes that the wsain which the
teachers knownathematics will allow them to unpack what they know to benefit
the learners. But if a teacherOs understandings are such that she holds incoherent
and isolated schemes, she will be unable to unpack her understanding in
meaningfulways. On the other hand, there are teachers whose understandings go
beyond learned procedures and do understand the mathematics in personally
powerful ways, but this does not mean that they will immediately be able to
unpack their understandings in wayattban actually help someone else to learn.
We need ways to describe how this mechanism of Ounpacking® works.

Silverman and ThompsonOs frameworlSilverman and Thompson
(2008)propose a framework for studying the development of mathematical
knowledge for teachind@.heir goal is to investigate the ways in which the
teachers understaride mathematics that they tderather than coming to
characterize the mathematics that becomes visible in teadtiageason behind
this approach is becau€geachersO personal understandings of the mathematical
ideas that they teach is what constitutes the most direct sourcbdbthey
intend students to leaand what they know about ways these ideas can developO
(Liu, 2005, p. 1) Thus, Oif teachersO conceptual structures comprise disconnected

facts and procedures, their instruction is likely to focus on disconnected facts and
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procedures. In contrast, if a teacherOs conceptual structuressecenpeb of
mathematical ideas and compatible ways of thinking, it will at least be possible
that she attempts to develop these same conceptual structures in her studentsO
(Patrick W. Thompson, p. 416)

Silverman and ThompsonOs framework builds upon SimonOs keéga of
developmental understdimg (Simon, 2002, 2006)Silverman and ThompsonOs
idea ofkey pedagogical understandifgilverman, 2005; Silverman &

Thompson, 2008; A. G. Thompson & Thompson, 1996; PatrickiMdmpson,
Carlson, & Silverman, 2007; Patrick W. Thompson & Thompson, 1294)
PiagetOs idea of reflective abstractibrPiaget, 2001; Simon, Tzur, Heinz, &
Kinzel, 2004; Patrick W. Thompson, 1988) person hs developed key
developmental understandifigDU) when they construct a scheme of meanings
that proves central for understanding a broad swath of mathematical ideas and
methods. The scheme of meanings comprised by number naming, counting,
adding, subtreting, and whole number numeration is a KDU in arithmetic.

KDUs need not be abe example of arithmetic KDU given abowand
they are not mutually exclusive. As schemes, KDUs can participate in other
KDUs. A KDU is about personal knowledge. People careteaKDU and be
unaware of it. They are aware that Othings make senseO and they are aware that
they can make connections. A teacher with a KDU could be a good student of the
mathematics they teach without expressing that KDU in his or her instructional

actions. When a teacher becomes reflectively aware of a KDU and realizes that
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her students would benefit from Othinking this wayO, she is develdigg a
pedagogical understandin@g{PU). A teacher has a fully developed KPU when
she has a KDU, is reflectively aware of it, intends that her students have it too,
and has built a mianstructional theory about how she can support them attaining
it. Put another wayateacher has devegded knowledge that supports conceptual
teaching of a particular mathematical topic when he or she:
¥ Has developed a KDU within which that topic exists. For example, an
understanding of slope as the constant rate of change between two varying
quantities.
¥ Has an image of how students who have come to think about the
mathematical idea in the specified way are empowered to learn other,
related mathematical ideas. For example, an approach to systems of
equations, systems of linear inequastiand linear pregmming, all of
which are build upoan understanding of variation, covariation, and
constant rate of change between two varying quantities.
¥ Has constructed models of the variety of ways studaightunderstand
the content (decentering). This is, thectezr puts hersefDin the place of
a studentind attempt[s] to examine the operations that a student would
need and the constraints the student would have to operate under to
(logically) behave as the prospective teacher wishes a student to doO
(Silverman & Thompson, 2008, p. 508)

¥ Has an image of how someone else might come to think of the
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mathematical idea ingimilar way;

e Has an image of the kinds of activities and conversations about those
activities that might support another person's development of a similar
understanding of the mathematical idea. Silverman and Thon(p808)
emphasize that, Ostudents' participation in conversaitims their
mathematical activity (including reasoning, interpreting, and meaning
making) is essential for their developing rich, connected mathematical
understandingsO (p.507). Therefore, it is in the context of instruction that
supports reflective conversatiof@dobb, Boufi, McClain, & Whitenack,
1997)that studentare most likely talevelop KDUs.

In summary, this framework for MKT prades the potential for
explicating the mechanism by which the teacher transforms her personal
mathematical understdimgs into pedagogical actions. Thus, RicoOs thinking is
best explored by applying Silveman and ThompsonOs framdwaklition,
their focus on KDUs becomes a constant reminder that it is not what is listed in
the curriculum, but how the teacher conceives what is listed in it that becomes the

source of her pedagogical actions.



CHAPTER 3 BACKGROUND THEORIES

In this chapter, | explain éhtheoretial perspectives that guided tsteidy.

The first section involves a discussion about a theory of knowing and its

implications to the study of MK The second section focusas a theory of

quantitative reasoning as a way to explain how peopteedo make sense of

quantitative situatins. This discussioprovides a point of reference to

characterize my descriptions of RicoOs mathematical and pedagogical

understandings.

A Theory of Knowing and its Implications to the Sudy

Piaget(1971)developed a theory that he called genetic epistemology to

provide explanations to what knowledge consists of and how knowledge develops

(Campbell, 2001)Glasersfeld1995)further elaborated PiagetOs genetic

epistemology(1971)into a theory of knowing that is commonly referred to as

radical constructivism. Radical constructivism follows two basic principles:

1)

2)

Knowledge is not passively raged either through the senses or by way
of communication; knowledge is actively built up by the cognizing
subject.

The function of cognition is adaptive, in the biological sense of the term,
tending towards fit or viability; cognition serves the subgeot@anization
of the experiential world, not the discovery of an objective ontological

reality. (Glasersfeld, 1995, p. 51)
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To adopt radicatonstructivism as background theory implies that there is
a set of commitments and constraints to how | frame the problem to be studied,
the phenomena that need to be explained and the actual explanations that | can
provide(Patrick W. Thompson, 2002For example, the main objective of this
study is to develop insight into RicoOs personal and pedagogical understandings of
the mathematics that he teaches, as well as his images of his studentsO
mathematics. To do so, miagting assumptions are that:
¥ MKT is not a thingin-itself that can be divided into categories;
¥ The teacher does not have access to a mathematics that is independent of
his ways of knowing; and, | (the researcher) do not have direct access to
the teacher@sathematics
The most we can do is to construct models of another personOs mathematics.
That is the observer (either the researcher or the teacher) develops explanations
of the ways and means by which another person operates mathematically, by
frequent interactions in which one observes the otherOs actions. Such models are
considered viable as lorgs they are not contradicted by what the other says or
does(Steffe, 2007)As such, claims about a teachéviB3 is a seconebrder
model: O[anodel] observers construct of the subjectOs knowledge in order to
explain [the observerOs] observations (i.e., their experience) of the subjectOs states
and activities(Steffe et al., 1983, p. xvi, cited in Silverman & Thompson, 2008,
p. 8). Furthermore, to adopt a radical constructivesispective to the

investigation of RicoOs MKT, allows me to move away from what there is to
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know about mathematics that are used in teaching, to explore ways in which the
teacher understands the mathematics and thus transforms his own understandings
into pedagogical actions. It is then important to clarify what | will mean by
understanding, and to describe a mechanism by which the teacher can transform
his current mathematical understandings into MKT.
Understanding

Thompson & Saldanh@003)define OtainderstandO as Oto assimilate to a
scheme,O relying on PiagetOs notion of assimi{&@lasersfeld, 1995; J. Piaget,
2001) Assimilation is described as O[coming] about when a cognizing organism
fits an experience within a conceptual sture it already hasGlasesfeld, 1995;
cited in Silverman, 2005, p..7Jo understand, then, results from a personOs
interpreting an experience by assigning meanings according to a web of
connections the person builds over thingither through the personOs own
interpretations ofettings or through interactions with oth@Patrick W.
Thompson & Saldanha, 2003)his way of thinking about knowing and
understanding is highly compatible with DeweyOs notion of thifRiegey,
1910)and with PiagetOs notion of assimilafibrPiaget, 1950, 1968a, 1968b,
1976, 1980)Montangero and Maurielaville quote Piaget as saying:

Assimilating an object to a scheme involves giving one or several

meanings to this object, and it is this conferring of meanings that

implies a more oless complete system of inferences, even when it

is simply a question of verifying a fact. In short, we could say that

an assimilation is an association accompanied by inference.

(Johnckhees, Mandelbrot, & Piaget, p. 59; quoted inMontagero &
MauriceNaville, 1997, p. 72)



To describe RicoOs understandings from this perspective regsires
Thompson and Saldanha note, addressing two sides of the assim{Btwhat |
(the researchergee as the thing that Rico attempts to understard(2) the
scheme of operations that constitutes RicoOs actual understgRdingk W.
Thompson & Saldanha, 2003)

Simon et al(2004)points out that this way of explicating the process of
assimilation seems to imply a vicious cycle, or what has been called the learning
paradox. This is, if Oin order to experience a new conceptE one must already
have thaconcept available to organize that experienceE [then,] how can learning
of new conceptions be explained without attributing to the learners prior
assimilatory conceptions that are as advanced as those to be legitidd 70
310). Piaget proposed the mechanism of reflective abstraction to explain how new
knowledge is generated from therponOs current conceptions.

Reflective Abstraction

The models of RicoOs mathematical keolgk for teachingot onlyposit
what that knowledge is, batso look for mechanisms by which he created it.
Silverman and Thompson address the issue of a teacheafisn of a KPU a
teacher having a key developmental understanding, which the teacher takes as a
target way of thinking for students to have, along with a4thieory about how
she can act instructionally to support students gaining it. Regarding teawteer
creates a KPU, Piagé001)proposed reflective abstraction as a way to explain

how new, more advanced conceptions develop from the subjectOs current
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conceptions. Thus, reflective abstraction is a key concept in Silverman and
Thompson’s (2008) framework; it is the mechanism by which a teacher develops
MKT. That is, it is by reflective abstraction that the teacher develops powerful
personal understandings of the mathematics he wants the students to learn and the
pedagogical understandings that will guide the teacher’s instructional actions.
For Piaget, all new knowledge presupposes an abstraction, but not all
abstractions are the same (Glasersfeld, 1995). Piaget distinguished between
‘empirical’, ‘pseudo-empirical’, and ‘reflective’ abstractions; and although
reflective abstractions are the basis for explaining MKT, I will provide a brief
description of the other two types: empirical and pseudo-empirical abstractions.
The first kind of abstraction is called empirical abstraction and it “ranges
over physical objects or the material aspects of one’s own action (such as
movements, pushes, and the like)” (J. Piaget, 2001, p. 29). To engage in empirical
abstraction does not mean a pure “read-off” of data from the environment. In
order to abstract any property, “the knowing subject must already be using
instruments of assimilation (meanings and acts of putting into relation) that
depend on sensorimotor or conceptual schemes. And such schemes are
constructed in advance by the subject, not furnished by the object” (ibid., p. 30).
Piaget referred to those abstractions in which “the knowing subject cannot carry
out some constructions (which later on will become purely deductive) without
relying constantly on their observable results (cf., using the abacus for the first

numerical operations)” as pseudo-empirical abstractions (J. Piaget, 2001, p. 31).
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He further explained that, Owhile the results are read off from material objects, as
is the @se with empirical abstraction, the observed properties are actually
introduced into these objects by the activities of the subfiit p. 31) An

example of pseudempirical abstraction is when a student solves several related
problems, and creates a rule é&é®n a pattern in the answers he obtained. While
the student might have been engaged meaningfully in solving the problems, his
abstraction of the rule was psevglmpirical because it was not made from

reflecting on the operations bfs reasoninginsteadthe abstraction of the rule

was maddrom the products of his reasoning.

The third kind of abstraction is reflective abstraction. This mechanism
Oranges over the subjectOs cognitive activities (schemes or coordinations of
actions, operations, cognitivirsctures, etc.)E[and] separates out certain
characteristics of those cognitive activities and uses them for other ends (new
adaptations, new problems, et¢J)@iaget, 2001, p. 30} does so, in two phases.
In the first phase, the mechanism of reflective ralstibn Otransposes onto a
higher plane what it borrows from the lower level (for instance, in
conceptualizing an action). We call this transfer or projectiatflZchissementO
(ibid., p. 30) In the second phas®jt must therefore reconstruct on the new level
B what was taken from the previous le¥elor establish a relationship between
the elements extracted frofnand those already situatedBn This
reorganizationE will be called a reflectiomZflexioriO(ibid., p. 30) Finally,

when reflecting abstraction is apmlieo the products of reflected abstraction, then
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the subject is involved in the process of reflective thinking or metareflection. It is
this mechanism of reflective abstraction that will allow me to investigate ways in
which Rico might transform his curreKDUs (understandings at a level A) into
KPUs (understandings at a level B).

Quantitative Reasoning

It is well documented that studentsO experience with mathematics in the
U.S. is often based on meaningless manipulation of symbols and concrete
strategies for solving problenBut having students engage in problem solving of
realworld problems is not bigself a solution. It is the manner in which the
student interacts with the situation that matters. For example, Oa student could
attend to number patterns extracted from awemald situation and be engaged in
number pattern reasoning alone. Similarlgi@dent could examine relationships
between quantities in a highly unrealistic, abstract, or imaginary situation and still
be engaged in quantitative reasonifigis, 2007, p. 441)

Quantitative reasoning emphasizes operating with quantities and their
relationships. Thompsatefines quantities as Oattributes of objects or phenomena
that are measurable; it is our capacity to measure fdrather we have carried
out those measurements or not that makes them qua(Riaegk W. Thompson,
1989, 1993, 19948) Smith & Thompson, 2007, p. 101} is important tanotice
that a quantity is a conceptual entity that is related to how the person conceives of
the situation rather than the situation itself. Thompson further defines quantitative

operations as Othe conceptual operations one Lsesginea situation ando
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reasonabout a situatidN often independently of any numerical calculationsO
(Thompson, 1995, p.12). For example, | can imaginédghts of two objects. |
canalsoimagine comparing those two heights, without knowing their specific
measures, and créaj a new quantity that refers to the difference between the
two original heights. It is by a processmqfantification(Patrick W. Thompson,
1990)that | would assign numerical values to these heights kdbwing their
measures does not add to conceptualizing the comparistrerRatowing their
measures simply adds information about the compari@méh & Thomgson,
2008)

Throughout the course, Rico invested considerable effort into helping
students make sense of word problems. Such efforts involved engaging students
in defining variables, explaining relationships between quantities, interpreting and
developng algebraic expressions based on thaext of the problems, etc. That
is, RicoOs instruction focused on reasoning with quantities. Therefore,
ThompsonOs framework of Quantitative Reasg@ngth & Thompson, 2008;
Patrick W. Thompson, 1990, 199®&asan ideally suited theory for examining

RicoOs KDUs and KPUs in the context of his Algebra Il course.



CHAPTER Al METHODOLOGY

The goal of this chapter is to explairetmethods that | employdar the
aralysis of the datgenerated in this study. To do so, this chapter is divided into
two sections. In the first section, | provide a brief description of the aradlytic
methods that | use@) conceptualralysis, b) grounded theory and retrospective
andysis of clasroom videos, and c) stimulateeflectioninterviews. In the
secom section of the chapterplovide a descriptin of the data and thanalytical
procedureshat | followed to analyze the data
Analytical Methods

Conceptual analysisin light of the background theories stated in the
previous chapter, | do not have direct access to another personOg.tNiekih
can construct mode{sconceptuasystems held by the modeler which provide
explanations of the phenomenon of interest of knowing tratelp me think
about how others might understand particular idBasrick W. Thompson, 1982)
Glasersfeld1995)proposed an analytical method called conceptual analysis to
address the issue of constructing such conceptual systems. The methodOs aim is
Ob describe conceptual operations that, were people to have them, might result in
them thinking the way they evidiy doO(Patrick W. Thompson & Saldanha,
2000, p. 4) This method can be used in different ways. Ortbese ways i
genere descriptions/explanations of a person@gnstandings.nl coming to
better understand RicoOs MKT that supports his teaching of Algebra I, |

constructed models of RicoOs mathematical and pedagogical understdodings
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example, by answering questiogh as: what KDUs and KPUs do | attribute to
Rico based on his instructional design of linear functions?

A second way in which conceptual analysis can be used is for devising
ways of understanding systems of mathematical ideas, without necessarily
refering to a particular peas. | used conceptual analysis frothis second
perspective asdescribe the mathematical ideas and ways of thinking that a
person mighhavedevelogd as he or she experiendgestruction based on the
instructional materials armbnversations held iRicoOslass. In this case, | am
not referring to a particular personOs ways of understandinglsashather, |
talk about hypothetical ways of thinkiNgwhat Piage{1970)and Thompson and
Saldanhg2000)call the epistemic subjedtor example, a studentight come to

think of x, ! x, as either a subtraction of two numbers or as a new quantity that is

the result otomparing two quantityOs magnitudes. In the first case, the person
comes to think of a number. In the latté¥at is what is suggested by RicoOs self
constructed instructional materigthe persorromes to think about a quantity.

Grounded theory and longtudinal analyses of videorecordings.
Grounded theoryStrauss & Corbin, 199&s a way to build claims thare
grounded in the dataesmedan appropriate analytical method to validate the
models that | constructed about RicoOs understandings and the mathematical ideas
and ways of thinking conveyed by his Algebra Il couRather than theory

coming first and researchers trying to findadto fit or disconfirm the theory, a



grounded theory is inductively derived from studying the phenomenon it
represents.

Cobb and Whitenacil996)propose an analytical method that is
consistent with grounded theory that is aimed at analyzing large sets of data such
as classroom videorecordings and transcripts. In general, this analytical method
proposes to analyze the data in chronological order aroh @pisoddy-episode
basis. As episodes are analyzed, initial conjectures are made and constantly
revised when analyzing subsequent episodes. Then, Othe chains of inferences and
conjecturesO become data for further analysis in a process the authors call
(rigzagging between conjectures and refutatiof@oBb & Whitenack, 1996, p.
224) The ultimate gal is the search of more stable categories that will evolve into
explanatory constructs. This analyticaéthod becamaseful for thestudy for
two main reasons. First, the analytical method provides guidance in cases where
the researcher deals witheage amount of daféwhich was the case of this study
(videotaped lesms, posiesson reflectionsnstructional materialand
stimulatedreflectioninterviewg. Second, the method provided a way to validate
my claims. In this sense, | was alldemulate hypthess byanalyzing the data
from RicoOs Algebra tourseto test byinterviewing Rico.Then, further
hypotheses emerdand others were refuted from analyzing the interviews. This
process led to an additional analysis of the data from the Algebrarfeciou
orderto further tst and validate the resulting models; which became more stable

over time.



Stimulated-reflection interviews. Stimulatedrecall has been used
extensively in educational research, nursing and counseling. This technique
consists of an introspection procedure in which videotaped passages of behavior
are replayed to individuals to stimulate recall of their concuegnitive activity
(Lyle, 2003)

For thisstudy, | used a similar technique thatfer to as stimulated
reflection interviews. This is similar tdisulatedrecall in that lusel artifacts
from RicoOs teachifginstructional material, the textbook, the agenda of the
course, and videotaped passagfethe lessorf¥ to further investigate RicoOs
understandingby stimulating his recollection and theorizations of the evditts
difference between this technique and stimulaieall interviews is that my
focus ofinvestigation was ndb reconstruct theeacherOs thinking in the moment
of teaching. Rather, | used tabovementioned artifactasOthings to talk aboutO
to stimulate RicoOs reflection on his understandfgss studentsO mathematics,
his design of instruction, and his mathematical undedings)in the moment of
the interviews.

These interviews were open ended. Although, | had certain topics and
questions in mind, | let Racguide the conversations. Usuallpresented him
with artifacts fom his Algebra Il courdé either instructionamaterial or
videotaped episodes from his lesddrmdthen askedhim some specifics about
the artifactsletting Rico guide the rest of the conversation as he discussed aspects

of his practice, his rationale behind designing or using particular taisks,
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anticipations ofstudentsO understandings, and his theorizations about the results
of using particular tasks with the students

It is important to mention that, as | present the results of the analysis |
place RicoOs comments in time. | do so, not to imply agency of change; rather, it
was Rico who referred back to different periods of time during the stimulated
reflection intervievg. He did so to share his insights about what he used to think
of his practice before he joined his professional development program, before and
after the Algebra Il course, and at the moment of the interviews. By placing
RicoOs comments in time, | am m@tking claims regarding what made him
change; instead, | just report what he said.

Finally, arother important aspect that needed consideratiorthvaas
RicoOs thinking clearlvolved in thaime when he taught the course and the time
in which the stimuleedreflections took place. The actions that he would take in
the moment of the interviews were better informed than what they actually were
when he taught the coursknis datgprovidel interesting opportunities to explore
ways in which RicoOs thinkimganged over time.
Data and Analytical Procedure

The data collection and analysis for this study took place in three different
phases. In each phase, new data was generated and analyzed to make way for the
next phase. In what follows, | describe the typdata that was generated and the
analytical methods that | followed for the analysis in each of the three phases of

the study.



Phase N RicoOs Algebra Il courseThe data for the first phase was
collected when Rico taught the Algebra Il coui@eademigear 20072008).
This data includes:
¥ Videos of RicoOs lessons recorded during the first semester of the
academic year (60 lessons x 50 minutes approx. = 50 hours)
¥ Structured poskesson reflections. Immediately after each lesson, a set
of five questionsvere askedby the videographéto Rico with the
goal of helping him reflect on what he had previously taught. Each
postlesson reflection was also videotaped (60 sessions x 5 minutes
approx. = 5 hours). The questions that were asked during eaeh post
lessa reflection are listed below:
1. Do you think your lesson was successful?
2. Did you follow your original plan or did you make adjustments during
instruction?
3. Do you think that your students were truly involved in today's lesson?
4. Give an example of a questionguestions you would ask to find out
how students have learned what you taught

5. Have your ideas changed for next lesson of this class?

| was not the videographer in the data collection for Phase | of the study. A
videographer assigndwy the research project videotaped RicoOs Algebra I
course and the pektsson reflections.
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e RicoOs selfonstructed instructional materials. These materials include
the agenda for the course, as well as all theksiets and exams that
Rico developed for the entire academic year.

At the time, Rico was teaching different sections of the same course. Only
one of those sections (the first one of the day) was videotaped and immediately
after the lesson the pdstssorreflection took place. This means that, Rico
developed his posesson reflections based on teaching the lesson to that
particular group of students; however he might have generated his later insights
about the Algebra Il course, based not only on thhstt $iection that he taught, but
from teaching that same lesson and refining it over and over again, throughout the
day.

The Phase | data analysis consisted of an initial review of the videotaped
lessons, podesson reflections and instructional materighwhe goal of gaining
an understanding of what the course was about. This preliminary analysis of the
data allowed me to develop hypotheses about the mathematical understandings
and ways of thinking that Rico might have had envisioned for his students to
learn. As | watched the videos and looked at the instructional material, | asked the
following questions:

e What are the mathematical ideas addressed in the worksheet/lesson?

e How does Rico treat those mathematical ideathat they prepare

students to lea ideas to be addressed in future lessons?

e How does Rico structure his interactions with students?
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¥ Are there any unique and interesting features in the lessons?

¥ Do | need Rico to provide clarification about something in particular
regarding the lessontwksheet; including the learning goals that he set
out for students?

One problem | faced regarding the data was that there were no videotaped
lessons for the first two weeks of the course, so | looked ahead to Phase Il with
three main goals in mind. First, | planned to ask Rico about his overall
organization of the courde better understand tihearning goals he had
established for his students. Second, | planned to ask Rico to provide details about
what he did in the first two weeks of the course and why. Since | didnOt have
video for those first two weeks, | used thetinstional material that he developed
to generate talking points discuss hipractice. Finally, my third goal was to
further investigate RicoOs understandings of his students® mathematics regarding
variable, rate of change, and functions; as it hadrbeaavident from the first
approach to the data that Rico had paid special attention to those ideas in the
Algebra Il course.

Phase IIN Stimulated-reflection interviews. The data collection for
Phase Il of the study took place during the months of Marchighrépril 2010.

During this period, | held a total of eight stimulatedlection interviews with
Rico.
As a result of the Phase 1 analysis, | seteatpreliminary list of Othings

to talk aboutO with Riaturing the interviews. It was preliminary in tH&kept
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modifying the topics of discussion as a result of my ongoing analysis of the

stimulatedreflectioninterviews.Although | had certain topics and questions

prepared in advance, | let RicoOs spontaneous recollection of events guide the

conversationsFor example, there were occassions in whidheasas talking

about specifics of a worksheet, he would remember general aspects of the course.
The intial interviewprovided information regardingRicoOs rationale

behind his general organization of theucse, his insights as to why he redesigned

the entire curriculum of his Algebra Il course, and how he used the textbook. The

remaining interviews wergeared toward investigating more specific aspects

about RicoOs learning goals and pedagogical actisnsiaed with thenas they

related to specific instructional sequences throughout the course. As | mentioned

before, since | didnOt have video for the first three weeks of the course, we spent

more time than what we did with other parts of the cduitbeeeout of the eight

stimulatedreflection interviewBl discussing the instructional sequences on Unit 1

(constant rate of change). In addition, it was during the first weeks of the course,

that Rico sethe stage for what they were going to talk about dutiegcburse

and the ways in which they were going to engage witmatematicaideas.In

the other interviews from the fifth to the eighth intervieMwe discussed Unit 2

(non-constant rate of change, average rate of change), function transformations,

and dher aspects of RicoOs general organization of the course; such as his

expectations for student engagement and assessments.



The stimulatedeflection interviews were videotaped, transcribed, and
open coded in a linby-line analysis (Strauss & Corbin, 1998hemes regarding
RicoOs KPUs and KDUs started to emerge from this analysis. For example, two
types of categories emerged from the analysis of the data: 1) categories pertaining
to KDUs (variable, rate of change, and function) and 2) categories pegtainin
RicoOs KPUs (e.g. coherence, meaningful operatldhsh went back to the data
generated in Phase | (videotaped lessons;lpssbn reflections and instructional
material) to further test and refine the emerging modetiseonathematics
conveyed byRicoOs course, RicoOs pedagogical understandings, and his
understandings of his studentsO mathematics. This process led to Phase IlI of the
study.

Phase IIIN Narrative of the course and RicoOs MKTPhase |l
consisted of a conceptual analysis of the priwses with the aim of creating
models of RicoOs mathematical conceptions, his conceptions of his students'
mathematical understandings, and his images of instruction and instructional
design. To do so, | first developed the narrative of the course (Clépter
focusing on the progression of three main ideas: variable, rate of change, and
functions. | then used the narrative of the course as dd&ve into what
allowed Rico to create the course that he created and to interact with students in
the way halid. As a result of this analysis, | developed an explanatory model of

RicoOs MKT (Chapter.7)



In the remaining chapters of the dissertation, | pretsentindings of the
study. Chapter 5 presen overview of who is Rid¥ his personal and
professional Ackgroundll andan overview of the Algebra Il course. Chapter 6
develops a narrative of the progression of ideas in RicoOs Algebra Il tourse.
Chapter 7, | discuss RicoOs mathematics and his mathematicteotstFinally,

| present the concluding comntsrin Chapter 8.



CHAPTER 3N OVERVIEW
Who is Rico?

Personal and professional backgroundRico was anathematics teacher
at a high school located the suburbs of a major metropolitan area in the
southwestern United States. He held an undergraduate degemondary
education with an emphasis in history and held a n@siegree in teaching
secondary education. Rico had always enjoyed mathematicsla®¥hile he
was in college, Ricavas a mathematics tutor for four years, which influenced his
decision b apply for a job teaching mathematiosstead ohistory, after
graduation.

As a student, Rico ranked the top of hisigh school class. In college, he
graduated witla 4.0 GPA. Regardinchis experience witmathematics, he was
alwaysenthusiastic angersistenabout the subjecRico explained that when
faced with a problem in his mathematics courses, he would work until he figured
out the solution, regardless of the time spent working on the problem.

When he taught the Algebra Il courgeEademic year 2062008) that
relates to this studyhe was in his fifth year of teaching high school mathematics

and in his third year as a participant in a professional development and research

8 GPA stands for Grade Point Average. The GPA refers to the average grade
earned by a student. It is the result of dividing the grade points earned by the
numberof credits attempted and it is measured on a scale from 0 to 4.
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project calledTeachers Promoting Change Collaborativ8IpCCY. As a
participantin the TPCC Rico met with other colleagues in his high school in
weekly Reflecting on Practice Sessions (RR#led by a facilitator. The purpose
of a RPS was for participants to discuss matters of instructional practice,
curricdum, and stdent learning. Rico also took tveourses on a functions
approach to a unified secondary curriculum as part of his participation in the
research project.

AlthoughRico had always strived to laegood teacher, after joining the
TPCC in 2005, heameto think differently about what this meant. By the time of
this study, he was in the second year of trying a new approach to his Algebra Il
course’’ As he explainechi RI#1* (March 9, 2010), Rico had come to realize
that his past way of teaching wast mriented to studentsO thinkiktg further
explained that, previouslfis teaching consisted almost entirely of direct
instruction with nearly all homework and assessments coming from the textbook
and its supplemental materials.

Rico saidhe hal realzed, as he tried to revamp his curriculuhat his

Algebra 1l textbook (and textbooks in general) conveyed a message to students

® NSKfunded research project (P.I. Dr. Patrick Thompson). Project aimed at
creating a model for a Professional Learning Community (PLC) to assist
secondary prealculus teachers in providjrhigh quality instruction.

9Rico first tried the new approach to teaching the Algebra Il course during the
academic year 2008007.

1 RI#1 denotes StimulateReflection Interview 1. | use analogous notation to
reference other reflective interviews.
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about what it means to think mathematically that differed greatly from the
message heowwanted to convey. The textbookOd g@esto teach students
how to performefficient calculations and algorithms. It made no effort to explain
lines of reasoning that led to formulas or why particular formulas woheday
they did. In addition, Rico fethe textbookOs content was comparttalizedl
the contents of one chapter were exclusive to that chapter only; subsequent
chapters never referred to the contents of previous chapters, even though, the
mathematical ideas were closely relaf€dus, sudents received the message that
whateverformulas they learned in one seatiof the textbook were particular to
that section, anthatthere was no need for them to use or remember those
formulas once they had taken the exam for that specific section of the textbook.
Rico did not like the tekibokOs approach because when he followed it,
students ended up experiencing completely disconnected lessons throughout the
year. This made it very hard for them to remember what thelehaakd in any
usable formAs he explained in RI#1 (March 9, 201By,fall 2007, Rico had
decided to do the opposite of the textbookOs treatment. The approach that Rico
had adopted after joining the TPCC was to incorporate more opportunities for his
students to develop and apply their own reasoning and for him to tifteantl
learn fronN his students. Rz did not want students to merddéarn rules and
apply them without having developed an understanding of why they worked or
the line of reasoning that gave rise to them. Therefore, Rico felt he had to write

his own instrgtional material to support the lessons he wanted to teach.
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RicoOs goals for the courskn addition to writing his own inteuctional
material, Rico sebhew goals for his Algebra Il course. One of hismgals for
the courseas he noted in RI#1 (Mar&) 2010),was for student® develop
meaningful ways of thinking about formulas and to incorporate those ways of
thinking into their mathematical problem solving.

Another goal Rico held for his students was that they be excited about
learningN that they atually be curious abowthy a formula works the waiy
does, be proud after using their powers of reasoning to solve problems, and to
strive for the personal satisfaction of understanding the mathematical ideas being
discussed in class. Rico intendeditst help studentdevelop vays of reasoning
about problemsind then let formulas emerge as a way of generalizing such
reasoning. In order to attain this goal, he believed there were two key aspects that
he needed to consider. First, he needed to protudests with real world
applications that could serve as a basis for dgwed their reasoning.esond he
needed to reinforce that his students learcommunicate their thinking and
listen to their classmatesO attempts to communicate their understandings, too.

Findly, another goal that Rico helshck in 2007 was to create a course
that became coherent in his students® minds. He intended to accomplish that by
establishing a few keigleasN e.qg., rate of change, functions, graghand build
upon them throughout the course. Rico was aware that studentsO prior

mathematical learning would not help them in this regard, so he also intended to
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provide opportunities for them to rethink and sevithé previously developed
understandingby making meanings explicit topics of discussion.
Overview of RicoOs Algebra Il Course

RicoOs perceived constraintRico recognized several constraints on his
redesign of Algebra Il (Fall 2007) that determirnesl overall organization of the
course. Two in particular werene, theschool district had a mandated timeline
for topic coverage antvo, students disict-wide would sit for standardizezhd
of-semester examinations. Rico arrangesltopics of instrugn in accordance
with the districtOs timeline to ensure that his students were prepared for the
examinations. However, Riccetited the mathematical ideaghe course in a
substantially different way than was standfandthe school district

Accordingto Rico, the integrated mathematics curriculum, which is the
curriculum adopted by the school district, resembles a spiral. The Algebra Il
course is the third course of a series in which students visit and revisit the same
topics with the goal of gainingpore sophisticated understandings each year. This
means that by the time students get to Algebra Il, they have alreadinghe
previous two course®pics such as linear functions, systems of equations, and
polynomial functions. However, students axpected to learn newoncepts
related to theetopicssuch as end behavior in polynomial functions or new
methods for solving problems (e.g., the matrix equation method in systems of

equations).



Since students had already seen many of the topics in teerald
course in the previous two courses, Rico faced yet another challenge to his
redesign of the course. That is, studentsO lack of meaningful mathematical
experiencesOn the one hand, Rico anticipated that students might not think about
the topics irthe ways he wanted them to. For example, Rico expected that they
would think of linear functions as just lines and not as functional relationships, or
that they would know how to use the methods for solving systems of equations,
but not necessarily undeasid why the methods worked. On the other hand, Rico
felt that he did not have the time to go back antbaeh all the ideas thdte
students should have already learned by the time they get to Algebra II.
Therefore, he came up with a strategy for adifrgghe studentsO lack of
meaningful experiences in their previous courses along with the time constraint.
His strategy was to intervene in studentsO way of thiakiogt the previously
learnedtopics by asking them questions that students felt theygheuhble to
answer, but thekept finding that they couldnOt. He did this to help students
become aware that they needed to refine their meaningsatahé same timeo
provide hem with opportunities to expand upitrose meaningslowever, this
was achallenging task for Rico, as he repeatedly expressed some frustration in the
postlesson reflections. It usually took him more time, than he had anticipated, to
go over the ideas in the homework; making it hard to keep up to speed with all the
topics he hd to covel as mandated by the DistrictOs timdlimand what Rico

considered important for his students to learn.
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Overall organization of the course The Algebra Il course consisted of 8

units and each unit was divided into instructional sequences.

Tablel shows the instructional sequences in each unit and the number of

weeks Rico spent teaching each unit.

Tablel

Overall Organization of RicoOs Algebra lb@se

Unit Topics

(Duration)

Unit 1 Semester 1 Linear Functions, Systems of Equations, Function Notation,

(5 weeks) Piecewise Functions, Linear Inequalities, and Linear
Programming

Unit 2 Introduction to Unit 2, Direct Variation, Accelerating

(6 2 weeks) Objects, Area and Quadratic Functions, Cubic Functions,
General Polynomial Functions, Radical Functions, Rational
Functions, Composite Functions, and Combining Functions

Unit 3 Introduction to Patterns, Sequences, Categorizing Sequences,

(4 weeks) Arithmetic and Geometric Sequences, Finite Arithmetic
Series, Finite Geometric Series, Sigma Notation, and Infinite
Series

Unit 4 Coordinate Proofs, Angles in Polygons, Circular Geometry,

(2 > weeks) and Inscribed and Circumscribed Polygons

Unit 5 Semester 2 Exponential Function, Fractional Exponents, Using e in

(6 weeks) Exponential Functions, and Logarithms

Unit 6 Inverse Functions, Logistic Functions, Translations, Stretches

(4 weeks) and Compressions, Graphing Stretches and Translations,
Stretches and Reflections, and Multiple Transformations

Unit 7 Trigonometry, Modeling with Sine & Cosine Functions, The

(8 weeks) tangent function, Polar Coordinates, Polar Functions,
Vectors, Parametric Equations, Law of Sines and Law of
Cosines

Unit 8 Distributions, Standard Deviation, Normal Distribution, and

(1 week) Z-Score

In addition to the instructional sequendik®re were individual lessons

incorporated throughout the course that did notesidspecific mathematical
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ideas, but theyere geared toward providing students with opportunities to
improve their communication skills when expressing their mathematin&ing.
For example, at the end of Unit 1, Rico gave his students a worksheet that
contained a range of written answers to a problem that they, as a class, had
already studied in Unit 1. Students had to rank the answers depending on what
they considered #t agood answeshould include. Rico took the class discussion
about the worksheet as an opportunity to discuss with the students the importance
of communicating their mathematical meanings; and to provide students with a
reference point in constructingdir own answers to the problems in the course.
Homework assignments and structure of the lessonghe class met five
times per week for approximately 50 minutes. Often, Rico handed out a new
worksheet to the students at the end of the lesson for theorlkcow at home.
The following day, Rico would give the students the first ten minutes of the
lesson (sometimes more, if necessary) to discuss their homework answers
amongst each other. Rico used that time to go around the classroom and gauge the
effort tha students put into the homework in order to determine the issues that
needed to be addressed in a whole class discussion. Sometimes, the discussion
about the homework naturally led to the main ideas that Rico wanted to address
during the lesson. Other tem, Rico would present a new contextual problem that
would serve as a basis for talking about the mathematical ideas he wanted to

address.



The homework assignments were a central part of RicoOs lessons. He was
not familiar with the term Odidactic objet@ thing to talk about that was
designed to support reflective discourse about mathematical ideas and ways of
thinking. However, Rico designed the homework assignments with similar
intentions. That is, Rico explained in the reflective interviews that wadrad
designed the course, his goal with the worksheets was not just to get the students
to practice with similar problems that they had learned in class, but also to take
the discussion from class one step furfiem extension of and expansion upon
the dass discourse. It is important to clarify that the objective of the problems was
to teach students to explain their reasoning rather than merely computing the
solutions. Rico constructed the assignments with the expectation that the studentsO
engagement ith the problems could generate a range of interpretations. He did
this with the goal of promoting mathematical discussions between the students
and their partners and as a class.

The time that the class spent working on each worksheet varied depending
onwhether the students experience difficulties with the worksheets or not.
Sometimes, if Rico noticed that students were experiencing some trouble with
specific ideas addressed in the worksheets, he would let the students spend more
time working on the prokins in groups. Other times, he would prepare new
tasks, related to the ideas with which students were struggling, to help him

address those difficulties during class discussion.



The problems that Rico included in the worksheets came from different
sourcesSome of the problems were modifications of the contextual problems
included in the textbook. Other problems came from newspapers. Rico explained
that if he read something on the newspaper that he could relate somehow to what
they were talking about in da then he would use it. Finally, he also included
contextual problems from other subjé¢t®r example, Physics and Chemidiry
and addressed the mathematical aspects of those problems. In {lesgmst
reflections, Rico commented that he liked to useexdntl problems that students
could find interesting and that students could relate to them. Therefore, Rico
carefully elaborated the contextual problems he used in class and he seemed to
have fun using them with his students.

RicoOs expectations f@tudent engagementRico held two main
expectations for his studentsO engagement with the course. First, as
aforementioned, Ricoonsidered that studentsO participation in mathematical
discussions was crucial for extending and refining their mathematezalings.

Rico structured the lessons to ensure that every student in the class could engage
in a mathematical discussion at least once during the lesson, either with their
partners or as a class. Along with their participation in mathematical discussions,
Rico expected the students to make an effort to provide explanations based on
reasoningand not only on rote memorization of facts and formulas

Second, Rico expected students to continuously work hard to make sense

of the ideas discussed in the lessorexohange, he made an agreement with his

! 6C



students to design every lesson to relate tondanings that supporteide
mathematial ideas addressed in Rico made the commitment to not ask the
students to work on somethiifghey did not have access twat meaning, as this
would only undermine the studentsCfidemce in their own reasoning.

Throughout the first semester of the course, getting students to engage
with the course in the way Rico intended them to, was not an easy task. For
example, as studés considered many of the topics as refesven if Rico was
addressing those topics from a different perspective and in a more sophisticated
wayN then the students would sometimes provide memorized facts as answers
and have a hard time explaining what #héects really meant. Also, Rico
commented in a postsson reflection that there were some students that he knew
they needed tutoring because they were having trouble with the material from the
course; however they were not seeking the appropriate loafphfim.

Rico further explained in RBf(March 30, 2010dhat the second semester
of the course felt differerthan the first semester in thatudents were now used
to Rico® expectations about their engagement in the course. Also, the
mathematical ideais the second semester were new to the students, that is, they
had not seen them in their previauathematics courses; in consequence,
students had to rely on what they had learned in the Algebra Il course to make

sense of those ideas.



CHAPTER &N PROGRESION OF MATHEMATICAL IDEAS
Introduction

In this chapter | will provide details about the progression of mathematical
ideas in RicoOs Algebra Il course. | will focus on three key mathematicé ideas
variable, rate of change, and functiband how Rico treatethem in instruction.
These ideas played a very important role in the course. Although | use them as
separate themes to guide my narrative of the course, it is the way Rico treated
them in his instruction to build upon one another and create a systemamhgse
that better explains what the course was about. Then, in Chapter 7, | will take the
course as data to further explore RicoOs MKT.

Before | move on to the main theme of this chapter, | first provide some
context for RicoOs motives in redesigningetherse and the strategies he
employed in developing a course that could become a coherent system of
meanings in the studentsO minds.

| emphasize that in this case | am only reporting RicoOs insights as to how
he thought he had come to think different adus practice. | did not have access
to RicoOs thinking, instruction, and instructional design previous to the Algebra Il
course so as to make claims regarding how he changed. Instead, | share RicoOs
insights with the goal of portraying to the reader meflective Rico was about
the impact his instruction had on his studentsO mathematics.

RicoOs motives for redesigning the courda.RI#1 (March 9, 2010),

Rico explained thatagly in his involvement with the TPCC project, Rico was
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required to develop adehing experiment as part of his final project for the
Functions | coursé. Rico chose function transformations as a topic for the
assignment. When he tried to incorporate what he had learned from the teaching
experiment into his Algebra Il course, he readl that his past way of teaching
function transformations did not help students develop powerful ways of thinking
about functions.

The content Ricaised to teach prior to his involvement in the TPEL,
he noted in RI#1 (March 9, 201@yas strictlyfrom a graphical point of vielW
consisting of identifying the shape or formula of the parent function and then
identifying or applying the transformations in order (i.e. reflections, stretches, and
translations). Students were provided with rules to follath no attached
meaning to them other than to identify some numbers from aifaramd make
sure the points wetecated on the right spot. Riedsonoted in RI#1 (March 9,
2010) that his instruction prior to 2005 did not provide students with ways of
thinking that would allow them to reason their way to a solution. It also had the
problemthat it was not about functionsat is, according to Rico, @Avary the
argument, what happens to the ouspoftthe functionO (Rico, RIESMarch 30,
2010).

Rico decided that students would be better served if the chapterOs focus

shifted to comparing inputs and outputs of functions. For example, he wanted his

12 Functions 1, was the first of a series of courses that the teachers took as part of
their involvement in the TPCC.
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students to think that they would define a new funatjo¢) using the outputs of

some other function, as ig(x) = f(x! 2)+1. That is, he wantethe students to

define new functions based on the outputs of previously defined functions,
regardless of the OshapeO of their graph or how theldaofthe parent function
looked In order to understand futien transformations in this way, Rico
imagined thathe students had to ponder questions sucsat happens to the
argumentof f as the value of varies®andQVhat are all the calculations in the

expression doing to the outputsfEf)20in order toobtain the outputs fay(x).

Rico further realized that while this new chapter might be more beneficial

for his studentsO future thinking in mettaticscourses, there was nothing in the

course that would prepare them to think about functions in thehaayvts

needed in the chapter. Excerpt3, Rico relates such insights.

Excerpt3. RicoOs realization that he did not prepare studentsO thinkingl (RI#1

March 09, 2010)

Rico: Nothing that | did in thehapters leadingp to function transformations
prepared students to think about functions in that way. None of the rules
and the formulas, and anything that we teach in the first semester,
prepared students to really focus on the relationships betweentfhes
of these two functions [f(x) and g{xj the way that | wanted them.

After 2005,Rico stopped thinking abouhe function transformations

chapter as an isolated chapter in the course. Instead, he anticipated that if students

were to think aboutunction transformations and functions in general in powerful
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ways, then they would need to experience instruction aimed at developing the
kinds of thinking that Rico had in mind. As a consequencey &icled up
redesigning the entireurriculum for his Algbra Il course.

RicoOs strategies for developing a coherent system of meaniiys.
2007, Rico had realized that his previous instructional approach did not orient
students to thinkg about functions as a relationship between covarying
quantities. In addion, the textboookOs compartmentalized presentaitimpics
did not support his attempt to redesign the course. Thereforec&iweup with a
set of strategies that guided his organization of the new course

First, he anchored the course in a feathematical ideas that would
provide students with tools for reasoning about functions. At the core of these
ideas were a dynamic view of variabdegconception of rate of change as deeply
embedded in proportional reasoning, ancbnception of functionsaa
relationshp between covarying quantities.

Second, Rico made surespecially at the beginning of the course, to
provide students with opportunities to rethiektend and expand upacthmeir
previowsly developed meanings of mathematical conceytt a variable, slope,
and linear function. He did this because he anticipated that students might not
think about these ideas in ways that would help them understand the meanings he
wanted to onvey in the Algebra Il cours€or example, some of the meanings
that Rico expected students to héased on their previous mathematical

experience,SNere:



¥ VariableN A letter in an equation

¥ SlopeN The steepness of a line or a number that is the result of plugging

|
numbers into the equatiom= uand simplifying the result.

X, !
¥ Linear functionN a line. That is, the result of plottingo points and

connecting themor, the result of finding an equation, which is the result

of applying a set of memorized steps.

These meanings are problematic in astéao ways. Firstif someone
holds thesas her foundational meanings, then there is nothing about them that
encourages thinking about variation, and thus, thinking about functions as a
covariation of quantitiesSecondsomeone holding these meaningghtibe able
to solve problensthat require them toRihd the equation of the line passing
through the points (5, 10) and (8, 4)O. However, there is nothing about these
meanings thagéxtends tather ideasuch as OFind the equation of the line passing
through the point (5,10) with a rate of change2®. In other wordghe material
that comes later in the courseednot build uporthese meanings.

For Rico, the development of ideas and ways of thinkiag) becomea
long-term process and it was not confirte particular instructional sequences.
As heredesigned the lessons, he constantly tried to connect what the students
learned before to whatey were currently learning. At the same time, Rico
prepared students for whatthwere going to learn later the course. For
example, function transformations and inverse functions tmerénstructional

sequences thaaccording to the DistrictOs timelipeytained to the second
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semester of the courddowever, throughout the first semester, Rico included
quesions in the lessons that were intended to build toward both isieésatoy
the time they got to thodepics,instruction would involvdormalizing ways of
thinking about functions thaiheyhad been practicing all along.

Together, Rico@sirriculum dsign strategiesvereaimed at developing a
course that could become a coherent systemeanings in studentsO minds. That
is, themeanings the class established throughout the coemsgined consistent
and built uporeach other. I refer to the class anud to Rico, because as he noted
in thestimulatedreflectioninterviews, when teaching the course, he emphasized
that the students should take part in creating the definitions they used in class.
Variables as Quantities

Rico, without expressing any persdknowledge of a formal theory of
quantitative reasonin@.g.,Smith & Thompson, 2008; Patrick W. Thompson,
1989, 1993, 1994ayeemed to have a strong intuitive grasp of the importance that
his students reason quantitatively. For example, he constantly oriented students to
pay attention to the quantity whogalues a varidb represented. Every time a
variable came into play, Riquut special emphasis on the variableOs definition
and its unitsAlso, he stressed that in a problem, a variable is free tdWirgan
assume any of a range of values for whiahwéariable is defined.

Allowing a variable to assume any of a range of values over a specified
interval was relevant in two ways. First, it allowed Rico to hold discussions

regarding a variable, say as it continuously varied throughout an interval sThi
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dynamic view of variable is key to developing a covariation view of function
(Carlson, Jacobs, Coe, Larsen, & Hsu, 2002; Oehrtman, Carlson, & Thompson,
2008; Patrick W. Thompson, 19944md is compatible with theléa of function
that Rico intended to promote in class. Second, it allowed him to focus his
instruction not only on specific values of the variable xsa@, but also on what
he called Ochanges in variablBisthe change from some valwf one variable to
another value of the same variable. For example, supposezidbr some
valueh, thenx! hrepresents the changexmaway fromh. Rico did not explicitly
refer to Ochanges in variablesOedimitig new quantities. However, he treated
them in instruction as if they were. RicoOs notion of Ochanges in vaigblesO
compatible with Thompson@994a)idea of creating differenceN a new
quantity that is the result of comparing two already conceived quantities
addtively. As Smith and Thompsof2008)point out, a difference is not the result
of subtracting. In this sense! hdoes not need to assume any particular value for
someone to come to conceptuakdeh. And it is in this sense that Rico treated
changes in variables in instruction.

In the following sections, | first describe RicoOs strategy for orienting
students to paying attention to quantities. Then, | describe the two cagashh

Rico paid attention tdifferenceg x! handx, ! x,) in instruction, and the

purpose these conceptualizations served in the progression of ideas.
Orienting students to pay attention to quantitiesBack in 200, one

major theme that Rico wanted to develop throughout the academic year was that
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all the functions in the course represented a relationship between two variables.
And that it was by allowing the variables to vary throughout an interval and
analyzing tle changes in one variable in relation to changes in the other that
someone could understand the relationship that is, the function. Furthermore, this
analysis of a functionOs behavior could be done regardless of the operations that
were performed on one wable to obtain the other. In other words, this way of
analyzing a functionOs behavior could be applied to any function in the course.
Thus, one of RicoOs main goals for students was to orient them togaib&ut
functions as composed of variabfésisopposed to thinking for example, that a
quadratic function is a-shapedigure.

When Rico redesigned the course, he anticipated two main issues
regarding studentsO previous experience with variables heiestpected that for
studentsvariable might man Oa letter in an equation@ich did not convey the
dynamic view of variable that he wanted to promote in class. Second, due to
studentsO previous experiences in mathematics courses, they might be used to
working with variables without ever questioningat the variables in a problem
stood for. To deal with these issues and help students develop a more
sophisticated conceptualization of variable, Rico included questions in the
homework assignments that provided the students with opportunities to examine
and extend their meaning of variabEex@mplel). He also included contextual
situations that oriented students to paying careful attention to the variablesO

definitions Example2) and the units in which thayere measuredekample3).
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In what follows, | present Examples3lfrom RicoOs instructional
material. In each example, | present the contextual problem, a proposed solution
that resembléd how Rico approached instruction regarding task, and a brief
discussion about the purpose that the task served in RicoOs instruction.
Examplel. First assignment of the course: state, test, and refine students'
definition of variable.

Figure2 showsa series of four questions that Rico includethanfirst
homework assignment the courseRico desiged these questiongith the goal

of getting students to statesteand refine their meaning wriable

3. How would you define the termariable?

4. According ¢ your definition (meaning, read your definition carefully and yser definition,
not other prior knowledge), identify eachriablein the formulay = mx+5.

5. Reflect on the following definition:
Parameter a constant in an eqtion that can be varied to yield a family of similar cur

a. ldentify anyparametersn the functiony =mx+5b.
b. Explain the concept gfarameterin your own words. Include a discussion of the
differences between a parameter and aabégi(for example, why iO a parameter and

not a variable?).

6. Consider your responses to Exercises 3 through 5. Rewrite your definiviaradfie if
necessary to clarify your ideas.

Figure 2. Refning the meaning of variable (Homework AssigniNeXxugust08,

2007).

13 The tasks that | present in this section are from the first two weeks of the
course, for which | do not have videotapes of the lessoal. bn RicoOs

accounts of how he used the tasks in instruction. | searched for evidence in
written material and videotaped lessons from later instructional sequences to test
whether his recollection of events fit with his actual approach to instruction
regarding quantities. What | present as solutions fit both his recollection of events
and his instruction during the time he taught the course.
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As shown inFigure2, Question 3 asked the students to state their
definition of variable. Then, in Question 4, they had to test their definition by

identifying the \ariables in the equatign= mx +b. Rico had anticipated that a

common response to Questi®mwould be something along tliresof Oa
variable is a letter in an equationO. Then, strictly speaking x, andb should
be considered variables in the equation of a linear function. Question 5 introduced
the definition of parameter to allow studentsdifferentiatebetweerthe two
notions

Rico designed the task with two goals in mind. First, he wantedpo hel
students recognize thienportant difference between parameters and variables in
an equation. Even though letters can represent both within a problem, variables
are free to take any of a range of values for which the problem is defined, whereas
paraneters ardixed N although they can vary from probfeto problem. Second,
he also wanted to convey the message that the course required studentsO
commitment to continually engage in trying to make sense of the mathematical
ideas discussed in class and that studdwtsld takepart in creating what he
called Opowerful definitions,O which dedinitions that can actually be used as
tools for thinking aboumathematicaproblems and communicatiraneOs
meanings.

According to RicoOs recollection of events, he was @uitsl the fact that

students were able to differentiate parameter from variables mx + b. Still,

studentsO definitions of variable did not account for such differentiegon
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further explained that if he were to teach the course agmirassign this task to
students, instead of assigning it as homework, he would have students test each
otherOs definitions. He would do this with the purpose of helping students realize
that their definitions did natlearly and effectivelgommunicatehteir meanings.

Rico did not expecstudentgo reconsider their meanings by working
exclusively on one task. However, it was by helping students become aware of
their meanings, andllowing them taest whether thedéa with what was
conveyed in clasghat he could help thestart engaging in learning previously
seen ideas in new ways. | refer to previously seen ideas, because almost all the
material in Unit 1 (e.g. linear functionsystems of equations) servedragiew.

Thus, at the time it felt lika real challenge for Ricto help students realitleere
was more to know about the topics than the memorized facts and procafdures
solving problems learned in tipeevious courses.

Example 2. The role of contextual problems for reasoning with quantities.

Figure3 presents a contextual problem included in the first assignment of
the instructional sequence on Systems of Equalibtie second sequence in
Unit 1. The main goal of thessignment was for stuks to Graw the
mathematics out of the contex®coOs word®RI#1 N March 09,2010 in order

to set up, solve and interpret the system of equations associated with the problem.



An engineer is designing a new platform for tall buildings so that window washers,
repairmen, painters, etc. can move up and down the side of the building. He needs to
attach either rope or metal chain to the platform, which will hang from a syem of
pulleys attached to a support structure on top of the building.

Suppo'r‘t/v OLaN Note: The rope or chain is unwount
Structure O from this location to lower the
This is a sketch of this situation: [ [ | Platorm (in other words, the exces:
ope or chain or rope is not dangling from t
chain ¥ 00 support structure or stored on the
Platff)rm |_| platform).

In order to attach the ropes securely and use the proper pulleys, the engineer must
attach 50 ppunds of additional equipment to the platform, which already weighs 200
pounds. Using the chain, however, will only require attaching 15 pounds of
additional equipment. The platform is designed to carry workmen and supplies
weighing 500 pounds.

Figure 3. The cantilever problefPart 1 (HomeworkAssignmerN August
13,2007).

The problem describes a setting in whachengineer designs a new
platform that can be moved up and down the side of a building. The engineer can
use either rope or chain to hold the platform to a support structure situates on
top of the building. A series of questions and more information is introduced
throughout the task to help studeatsistruct linear functions thagpresent the
total weight (in pounds) that trseipport structure must hold as a function of the

distane (in number of feetthat the platform is lowered.



1. What is the total weight that must be supported (so far) if he plans to use rope (
forget the workmen and their supplies)?
Answer: The total weight that must be supported (so far) if he uses rope is 750 po

2. What is the totaleight that must be supported (so far) if he plans to use chain (c
forget the workmen and their supplies)?
Answer: The total weight that must be supported (so far) if he uses chain is 715 pc
The chain weighs slightly more than the rope per lineafoot. A foot of rope weighs
0.56 pounds. A foot of chain weighs 0.65 pounds. The platform neddsr ropes or
four chains to hold it.
3. As the platform is lowered what happens to the total weight that must be suppol
from the top of the building (th&upport structure)? Why?
Answer: As the platform is lowered, the weight that must be supported from the sL
structure increases, because more rope or chain is needed to support the platforrr
4. For each foot that the platform is lowered, how muelght is added to the total
weight that the support structure must hold if (remember that there are four ropes
chains):

a. rope is used

Answer: 4(.56) = 2.24 pounds for each foot that the platform is lowered

b. chain is used
Answer: 4(.65) = 2.6 pounds for each foot that the platform is lowered

Figure 4. The cantilever problefPart 2 (Homework AssignmeitAugust 13,
2007).

The purpose of the first set of questions (QuestidririFigure4) was to
help students conceptualize the problem. In this caseglylooking at the
problem to searcfor key words and numbel$ a strategy commonly taught to
students for setting up systems of equatidroes not work in successfully
setting up the equationsaihdescribe the problem (Question F-igure5 in page
76). First, students have to put together thenmiation that is provided withitihe

contextof the given problem



As Rico recalled in the stimulateéflectioninterviews, his use of real

world applications was different from what is done in many textbooks. It is

common that textbooks present the application problems at the end of the section,

expecting students to apply what thegve learned. Usuallgtudents find these
problems complicated and unrelated to what theyepracticed throughout the
section. In RicoOs view, real world applications served a different purpose

(Excerpt4).

Excerpt4. RicoOsse of real world applications (RI#IMarch 09,2010)

Rico: If you can successfully frame your discussions around interesting real
world situations and you can pose natural questions that might come up if
someone starts thinking about this real world sibmait engages the
students a little bit more. Students can apply some reasoning that
otherwise they wouldnOt apply. It gives the students some extra tools to
attack the problem.

For Rico, the use afontextual problems servedasool for helping
studens conceive of situains mathematically. @ceiving situatias in this way

allowed studentto deal withand think aboumuch more than just numbers or



symbols void of meanint.In this case, thetsdents had to engage in operating
with quantities.

5. Write a function that represents the weight the support structure must hold if:
a. rope is used
Answer:y =750 +2.24x
b. chainis used
Answer:y =715+ 2.6x

6. In Exercise 5, what do your variables stand for (include units)?
x: number of feefft) the platform is lowered
y: number of pound@b) the structure must hold

7. What are the rates of change for each of the linear functions defined in Exercise
What does each rate of change mean in the context of this situation?

Answer: If rope is usedhe rate of change 8.24b/ ft and it means that whatever the
number of feet the platform is lowered, the wei@htpounds)he support structure mu:
hold increases by 2.24 times as much. If chain is used, then the rate of change is
2.6b/ ft. It means that whatevére number of feet the platform is lowered, the weic

(in pounds)he support structure must hold increases by 2.6 times as much.

8. How much weight would be added to the amount the support structure must hol
platform was held up by rope and thlatform was lowered by 0.75 feet?
Answer: (2.24b/ ft)! (.75ft) =1.68b

9. Identify two pairs of coordinate points that are true for the function representing
weight of the platform held by chains. What does each coordinate point mean in th
context ofthe situation?

Answer: (3,722.8, if the platform is lowered by 3ft, then the weight the support

structure must hold is 722.8 Ib. An@.5, 754) if the platform is lowered by 15 ft, then
the weight the support structure satold is 754 Ib.

Figure 5 The cantilever problefPart 3(Homework AssignmeXtAugust 13,

2007).

4 Rico argued in RI#3 (March 23010 that in his experience, it has been very
common that students know howuse the techniques for solving systems of
equations without knowing why the techniques work. During the time he taught
the course, Rico spent most of the instructional sequence on systems of equations
N which was meant as a revidWgoing back to the technigs (substitution,

graphical, and elimination methods) that students learned in previous courses to
develop explanations about the reasoning that gives rise to each of the
mathematical techniques.
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The second set of questions (Questienib Figureb) led students to set
up the system of equations (Question 5), define thabias (Question 6), and
discusswhat the rate of change meant witlie context of the situation
(Question 7). Other questions, (e.g. Questions 8 andrgume5) further
explored the meaning behind the equations.

Paying attentiono variablesO definitions also involvieéntifying the
units in which they were measured. Rico did not provide an explanation as to why
he thought the units were such an important part of defining variables. However,
when the idea of rate of change camte play, paying attention to the units was
essential to developing explanations about what the rate of change meant in the

context of the situatiof?

15 will further discuss this point in the section on ratehange. In general,
RicoOs objective was that, when they discussed the idea of constant rate of

2
change, as im= 3 they do so by focusing on the relationship between the

R 2 .
variables, Owhatever the change in one variable, the oﬂrugmby?—’ as muchO

N instead of focusing on the numerical operation 2 divided by 3.
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16. Consider only the platform held by chain (wrigeviteight function here:
y =715+ 2.6x). The engineer knows that rope stretches slightly as weight pulls do

it. He estimates that the actual length of the rope will be 3% longer than it was orig
measured. He creates the functipe 1.03x, wherex is the original lagth of the rope (ii

feet) andy is the stretched length of the rope (in feet).

Find the solution of the system involving the functipe 1.03x and the function you

wrote in the space above. What does the solution mean in this contpldihEhe
significance of your answer in terms of systems of equations in general.

Figure 6 The cantilever problefPart 4 (Homework AssignmeXtAugust 13,
2007).

Finally, Question 18 (Figure6) proposedseting up and solving new
system of equations. Rico designed the questiamticipation of studentsO

possible responsés it in one of three wayd able2):

'8 do not discuss Questions-16 here. These questions further explore the
context and ask students to solve the system of equations. | inclsde the
questions in the Appendix.
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Table2

Rico's Anticipated Studennhswers to Question 16 of the Cantilever Problem

StudentOs Answer RicoOs Explanation for the StudentO
Answer

Student (1): The answer is The student uses one of the three

x=1455.41 y=1469.07 different methods for solving systems

of equations (elimination, substitution
or graphing method). This student jus
provides an answer.

Student (2)The answer does not | The student solves the system and th
make sensbecause in this context | realizes that negative numbers do no
we canOt have a negative number | make sense in the context of the
problem.

Student (3): There is no point in The student realizes thaten though
setting up the system, even though | the same notation was used to repres
are ufng the same notation, the the two functions, the varialden the
variables stand for completely two functions describe different
different quantities, and thus it does quantities. 1 did not make sense to se
not make sense to set up the syster up the system.

RicoOs goal with Question 16 was to lead & dssussion addressing
each of the answers he anticipated the students tqTtabde2). By having
students compare their answers to the ones discussed in class, Rico wanted
students toealize that they shoulktbntinuously engage in trying to make sense of
the situations presented in clagad one way to do seas by paying attention to
the variablesO definitions.
Example3. Units of measurement

The following contextual probleni{gure7) was included in the quiz on
piecewise function8l which was the third instructional sequence in Unit 1. |
present the solution to the problem drawing on ideas of constant rate of change

and linear functions, which | explore in a later section of this chapter. This
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example further explores ways in which Rico oriented students to pay attention to

carefully definng variables, incluithg the units in which they areeasured.

John pulls up to a stopligh in his car. He sits at the stoplight for 40 seconds before
the light turns green. John then begins to accelerate, increasing his speed by 12 n
each second. Four seconds after the light turns green, another car swerves in fror
of JohnOs car and John ts the brakes. Over the next 2 seconds, JohnOs speed
decreases by a total of 30 mph at a constant rate. He maintains his new speed foi
seconds.
1. One student says that the variables for this piecewise function should be:
tis the time since John firstopped at the light
S(t) is JohnOs speed
What is wrong with these variable definitions?
2. Rewrite the variable definitions to clarify them.

3. Write a piecewise functicsft) for the situation using your variable definitions.

4. Find s(45.5and describe what it means in the context of the situation.

Figure 7. Determining John's spelidhe context (Piecewise functions d\iz
August 28, 2007)

The task Figure7) presents a contextual situatittvat can be modeled
with a piecewise function defined in four parts. In Question 1, students are
provided with a set of variables for the function and they are asked to determine
what is wrong with the variable definitions. Both variable definitions assinyg
the units in which they are measured. According to the context, the var{tide
time since John first stopped at the light) should be measured in secorsgg and

(JohnOs speed) should be measured in miles per hour.



Figure8 illustrates the solution to the problem. For each part of the
function, | provide a brief explanation of the ways of thinking that Rico expected

students to use when solving problems like this one.

s{t)=0 s{t)=12(t! 40) S(t)="!15(t! 44)+48 s(t)=18
L Il '] Il [
| L | | l
t=0 t=40 t= 44 t=46 t=49
At stoplight Speed increasing by Speed decreases b Speed remains
12 mph each second a total of 30mph at constant

a constant rate

Figure 8 Determining John'speed the solution(Piecewise functions qui
August28, 2007)
Section 1: During the first 40 seconds, John sits at the stoplight, thus his

speed does not change. The function that describes this situa(igr=i6 . This

function definiton only works for values dfbetween 0 and 40 seconds. Outside
this domain, the function does not describe the situation.
Section 2: During the next 4 seconds, JohnOs speed increases 12mph each
second. This function only works for values tietween 4@nd 44 seconds.
Outside this domain, this function does not represent the situation. The function

s(t) =12(t! 40) models this part of the trip. Note that 12 represents that the rate

of change (in mph/s) of JohnOs speed (in mph) in relationtimthelapsed (in
seconds) since he first arrived to the stoplight. Note that we use the expression
t! 40 N instead of defining a new variable for this part of the problem, because
we want to keep our control variable defined the same for all the four parts of the

situation.



Section 3: Note that by the end of the previous portion of the trip, JohnOs
speed wad8 mph. In this section of the trip, JohnOs speed decreases by 30 mph
over a period of 2 seconds, or 15mph/s. This function only works for valtes of
between 44 and 46 seconds. Outside this domain, this function does not represent

the situation.s(t) =! 15(t! 44)+ 48 models this part of the trip.

Section 4: Once JohnOs speed reaches 18 mph it remains the same for the

next 3 seconds. Thus, the function that defines this portigr) s18and it

describes the situation for whers betveen 46 and 49 seconds. The resulting

function is:
#0 fi O<t! 40
)

S(t)—ﬁz(t " 40) f 40<t! 44
o/'(;lE(t” 44) +48 if 44<t! 46
“s fi 46<t! 49

Finally, Question 4Kigure7) asks students to firg§45.5) and describe
what it means in the context of the situation. We substita#b.5in the third
part of the function and obtain tis§45.5) = 25.5, which represents JohnOs speed
41.5 seconds after he first stopped at the stoplight.

Creating differencesby operating on variables.In RicoOs redesign of

the Algebra Il course, the ideadifferencedbecame central in two ways. First,
x! h(the change ix away from a reference poin} was a way for him to build
towardthe ideaof function transformations. Secory! v, (the change iry) and
X, I x (thechange irx) as defining quantitiesather than numbergiere key to

understanding rate of chanljeanother key idea of the course. In what follows, |
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provide a brief explanatioaf the images conveyed by RicoOs instruction
regarding the two cases! h(Case 1) and, ! x, (Case 2).

Case 1: Change in x away from a reference valuech,h . Rico
emphasized that be thought of as an arbitrarily selected value of the vanable

Thusx! h, the Ochange inaway from the reference valt®, represented a new
varying quantity, whose values were determined as follows:
Table3

Image ofk! h Conveyed by Rico'si$truction

Suppos« is a variable
defined over an interval X
[a.b] >
o— —
a b
Selec = has a reference
point x=h
H 4.
a b
x! his a new quantity xi-h
whose magnitude varies .—H —)
according toxOs current a b
value.
a X - h b

Example3 in pager9, from the previous section (Orienting Students to
Pay Attention to Quantities) can be used to illustrate Rme encouraged

students to operate with differences. For example, the problem asks students to
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construct a piecewise function that describes JohnOss§f)eeda function of the

time elapsed (in seconds3ince he first arrived tostoplight. Section 2 describes
what happens to JohnOs speed after sitting still at the stoplight for 40 seconds. In
this section, his speed increases 12mph every second. Section 2 of the piecewise
function that models the situatiors{$) =12(t! 40) N for ¢ between 40 and 44
seconds. This means that whatever valuglwdt | inputinto the function, I will

first calculate the change irmaway from the reference value of 40. JohnOs speed is
increasing by 12 mph every second, but this happensddngiéconds after John

arrives atthe stoplight. The functios(t) =12(t ! 40) can be thought of as a
transformation o$(t) = 12t (JohnOs speed increasing 12mph every second). We
just adjustedhe definition of the functioso that it can reflect the fact that we are
not measuring the time since John first started moving.

Case 2: Change in x, ! X, . Ricoalso treated, ! x, as if it represented a
quantity generated by additively comparing two different magnitude®of
rather than just the result of subtracting numbers. Depending on the context in
whichx, ! x, was usedit could either represent a varying quantity or a constant

quantity. On the one hand,! x, was a varying quantity in that valuesxafx,

andx, ) couldbe selected as close or &gyart astte domain of allowed:’ On

7 According to Rico, the idea thatan change by either a very large amount, say

1,000,000 units, or a very small amount, £ éOOOOf a unit, constituted a key

aspect of defining the idea of constant @tehange, as we will see later in this
chapter in the section on constant rate of change.
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the other hand, the difference between two valuescofild be held constant in

order to generate subsequent intervals of equal xjZex; ) asx varied

throughout a continuurN for example, in analyzing aifictionOs behavior by

analyzing the average rate of change. The following {@ble4) illustrates

both cases.

Table4d

Image ofx, ! x, Conveyedy Rico's hstruction

Suppos« is a variable
defined over an interval X

[a,b] >

Q
O

X, ! x as avarying
quantity.

Oconstant bitsO generatir
equally spaced intervals @ Xo X1 X2 X3

sizex; ! X, ’ I I I ~

8%




Summary

The notion of variable as representing more than just Oa letter in an
equationO was key in RicoOs redesign of the Algebra Il course. For example, he
included oppdunities for students to utilizéheir previously developed meaning
of variable and refine it. He also developed contextual situations for which
students had to carefully deé variables (and their unitg)s it was a means for
students to make sense of the contextual situations pedsentlass.

In summary, RicoOs efforts were geared towalping studentse-
conceive variables as representing quantitiesO magnitudes as they vary. Then, he
further used quantities to develop other ideas in the course, such as rate of change,
which | explain in the following section.
Rate of Change

As mentioned in the introduction to this chapter, one of RicoOs main goals
for the redesignedlgebra Il course was to establiatiew keymathematical
ideas upon which new ideas could be continuously.bnithe previous section |
explained the ways in which Rico oriented students to iig&bout variables as
representing quantities@uwes. In this section | will proce¢d describe how he
treated the idea of ratd change in instruction. It is importato clarify that, even
though | talk about Rico developing the idea of rate of change after having
developed the idea of variable, he actually addressed both from the beginning of
the course. Thus, students were encouraged to extend their meaningahdésari

as they worked with ideas of constant rate of change, and vice versa.
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At the beginning of the course, Rico had anticipated that students’
previous understandings about the idea of slope might be iconically related to a

graph or to obtaining a numerical value as a result of plugging numbers into the

y2! yl

formulam = =—=—=_ Neither of these two ways of thinking about m conveyed to

XX
students anything about how one variable changes in relation to another. Thus,
throughout Unit 1, Rico decided to include opportunities in instruction for
students to reconsider their meaning of m, that is, for it to represent the constant
rate of change between varying quantiti@gher than simply being slope.

Rico encouraged students to think about mas quantifying the relative
changes between two variables, asy, ! Y, = m(x, ! x,)or Ay = mAXx."® That is,
define the two variables X and y and compare the relative changes between them.
If the changes in one variable remain proportionalto the changes in the other,

then there is a constant rate of chandgetween them. When the variable X

'8 T use this notation for presentation purposes—Rico did not use it in class.
Instead, he presented the idea as follows: (change in Yy)= rate of change®(change
in X). Rico presented the idea of rate of change in this manner so that students
concentrate on the meanings and not be distracted by the symbols—which, for
students, sometimes are void of meaning (Rico, RI#1 —March 09, 2010). Rico
further explained that regarding notation, he followed one of two strategies
depending on the situation. For example, if introducing the notation (e.g. function
notation) was a way to avoid students’ misconceptions—as when thinking about
why the substitution method works for solving systems of equations—then he
would try to introduce the notation as early as possible. However, if the notation
(e.g. sigma notation) was only a way to represent the ideas in a compact way, but
did not provide any additional tools for thinking about the concept, then he would
not introduce notation until students felt comfortable thinking about the ideas.
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changes by any amount, then the varigldbanges byn times as much, whether
x changes by a very small aomt or by a very large amount.

For Rico, oriating students to think about constant rate of change in this
way served two main purposes. First, it was a powerful way for thinking about
linear functions. Second,students first developed the ideacohstant rate of
changein the context of lineawictions, then the idea aferage rate of change
would emerge later in the course and become an effective tool with which to think
about functions and analyze their behawiithin other context$l for example,
in comparing what happens to the changebkeroutputs of the function as
successive equally spacedkervals are selected for the input variable, regardless
of the function that is being analyzed.

In what follows, Ifirst explain how Rico drew upathme idea of constant
rate of changevithin the catext of linear functions. will then describe RicoOs
use of average rate of change as a tool for analyzing functions.

Constant rate of change as a way of thinking about linear function$n
the context of the instructional sequence on linear functiane,®ew uporthe
idea of constant rate of change as an occdsiprovide students with new ways
of thinking about a previously learned procedure that had proved to be
challenging for therN finding the equation of the line given two points.
According to Reo (RI#2N March 11 2010, in the OtraditionalO curriculum,

teaches only teach the standard form£ mx + b) of the equation of the line

when they worlwith linear functions. He further explained that prior to
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redesigning the courskehad noted that students experienced great difficulty in
finding the equation of a liferegardless othe many practice problenhe would
assign tostudents or the many timbs would explain the process in instruction.
After 2005, Rico came to realize thsitidentsvere more inclinedo
memorize grocedure for solving this type problem. Applyinga memorized
procedure requirethat theyremember all the steps that wareolved in the
procesof solving a problemin his view, students had a hard timading the
equaton because they did not understand kbgical reasomg in performing the
various steps of the mathematical procedure applied in solving the prdiilem
following example $olutionl) illustrates the different stepisat students had to
follow in order to successfully find the equation of kine that crosses through
(5,10) and (8,4).
Solution 1. (Memorized Steps).

|
Step 1Start with the formula for obtaining the slopes u.

X, 1 X
Step 2Substitute numbers into the formula and get the resslt 2.
Step 3Substitute form iny=mx+b. It becomey=!2x+b.
Step 4Substitute for andy using one othe points provided, for example
(5,10)

Step 5Solve forb in the equatioh0="!2(5) +b.

Step 6Finally, substituté =20iny=12x+Db.



In his redesign of the courdrico decided to introduce tipintslope

formulay=m(x! h)+ kas a way to mvide students with a different meanos

addresmg the problem of finding the equation of the line that passes through two
points.In RicoOs view, using this representation would allow studefustts on
changes in variabl&krather than just valuBsmore easily than with the standard

form. In addition,by using! y = m! xas the guiding idea behind the method of

finding the equation of the line, there was no need for studentsmomnze any
stepsRicoOs learning goals for his studems wentbeyond having them
successfully obtain the equation of the line.rtégv stressed that all the
calculatiors had a certain meanigd that students could and should develop
those meanings fahemselvesSolution2 below, emulates the way in which Rico
encouraged students to think about the prohiehis new approach to teaching
linear functions
Solution2. (Reasoning).

Given the two points (5,10) and (8,4), we note that@sanges from 5 to
8, it changes by 3, and ashanges by 3; changes by6.? If we say that this is a
constant rate of change (this is a given because we want to find the equation of the
line), theny is changing by twice as muchxsvhatever the change i Buty

decreases asincreases, so it changes by negative two times as muak. &30,

9 Rico commented in RI#3 (March 22010 that he purposely tried not to use

|
the formulam= u. This prevented students from goioack to their

XX
previous ways of plugging numbers into the formula without paying attention to
the reasoning behind it.
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the constant rate of change2s and | can substitute this information in the

equationy = mx + bto gety =! 2x+b. Now, if I think of the equation of the line
asy=m(x! 0)+b, thenb is the value o whenx = 0. In other words, the point

(0,0) is my reference or starting point. So, letOs take one of the given points (5,10).
If I think of x changing from 5 to 0, thenchanges by5. y will change by-2

times as much, or 1§0s current value is 10 and it changes by ¥@laanges

from 5 to 0.This means thatchanges from 10 to 20 ashanges from 5 to 0, so

b (or the value oy whenx is 0) must be 20.

In Solution 2, the idea dfy = m! xwas used twice in finding the equation

of the line. First, it was used to determine @lotual value of the constant rate of
change. Then, it was used to find the reference poinjt d;en that the value of
mwas alreadknown. In R¥2 (March 11, 201Q)Rico explained that whether
students followed this line of reasoning every time theywarsd a similar
problem was not the issue. The idea was that if at some point they could not
remember the steps in the procedure, they still had a way to reason their way
through the problem.

One important aspect of using the pestdpe formula as opposéal using
the standard formula is that for any given linear function, there can exist infinitely
many ways to represent the function algebraically, depending on the choice of the

reference poir(h, k). Rico addressed this idea in instiion by presenting two
different algebraic formulay:=! 2(x! 4)+3andy="!2(x! 6)! 1. He asked
students tsubstitutedifferent valuegor x and obtain their correspondigg

! 91



values. He then used this as an opportunity to pointhatjteven though the

formulas OlookedO different, both represented the same function, the reason being
that all the inputs for each of them were associated with exactly the same outputs,
thus defining the same réilenship between the variables (Videotdpessoi

August 27, 20073° OehrtmanCarlson and Thompsq@008)also raise this

point: OAny means of defining the same relation is the same function. That is, a
function is not tied to specific computations or rules that define how to determine
the output from a given inputO (p9L**

Finally, another way in which Riagsed the idea dfy = m! xin

instruction was by conveyinifpe message to students that the definitions that they
used sbuld be OpowerfulO (Rico, RMMarch 11, 201 For example, he noted

in the reflective inteviews that students in thrgorevious courselsad been

successful in answering questions in class by just providing memorized facts as an
answer. For instance, a typical answer to the question OWhat does it mean for a
line to have a constant rate of change of zero?0 is OitOsmtdidieOln the
redesigned Algebra IRico encouraged students to use the definitions stated in
class as tools for thinking about problemsl @ommunicating their meanindor

example, for OWhat does it mean for a line to have a constant rategd ofan

20 In a Otraditional® approach to teaching function transformations the choice of
(h,k) always leads to defining a ndunction. However, not all choices fdr, k)

end up defining a new function. And this is an issue that is simply not raised.

21| further explore this idea and its implications in the section on functions, which
will appear later in thishapter.
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zero?0 Rico held a discussion in class using the idge=of! xas a way to

answer the question. The class concluded that a constant rate of change of zero,
m= 0, implies that whatever the changexjrm times the change xwill be

zero,0! Xx=0. Thus,y, which is what gies rise to the horizontal lip&ill not
change(Videotaped lessd September 10, 2007)

Throughout the first weeks of the course, regardless of the clintext
whether woking with systems of equations, linear inequalities or linear
programmingN Rico continually revisitedhe notion of constant rate ofarmge.

For example, he did this lmyrienting students to pay attention to the quantities

and their units, as iBExample2N the cantilever problef describedn the

previous section (Orienting Students to Pay Attention to Quantities). He also,
later, used the idea of constant rate of change in linear programming as a way to
justify why the maximum occurreid specific corners of the feasible region
(Videotaped Lessdw September 4, 2007). Finally, Rico drew from the idea of
constant rate of change to build toward the idea of average rate of change, and
thus nonlinear functioMéwhich do not follow a constanate of change

(Videotaped LessohsSeptember 1-13, 2007).

Average rate of changeBuilding onthe idea of constant rate of change,
Rico encouraged students to use the idea of average rate of change as a way to
analyze the behavior of nonlinear functiolsthe introductory assignment
associated with Unit 2, Rico pointed out tk¥tiot all functions in math are linear

(in fact, few really are). But we can apply some similar reasoning to nonlinear
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functions in order to examine their beha@@domework Assigmenf\
September 10, 2007/puring the folbwing lessons (September-12, 2007)
Rico held discussions with the class regarding ideas such as: Owhat causes a
functionOs graph to cu@, Owhat does it mean for a function not to have a
constant rate of chas®), Owhy would someone use a linear approach to analyze
a nonlinear functio?O, etc.

In general, the image of average rate of change that Rico promoted in class

can be explained as followaippose is a nonlinear functiomrAnd wewant to
analyze the fuctionOs behavior over some interval{siayz] . Sincef is a

nonlinear function, we know that the rate of change of the function might have
variedwithin the interval We can calculate the total changexin, ! x, . We can
also calculate the total changefifx) : f(x,)! f(x,). In order to describe the

functionOs behavior, we can compare it to that of a linear futictiborosses

through the endpointé, f(x,)) and(x,, f(x,)). If the functionf had followed a
constant rate of chaegver the intervathen the output would have changed by
the same amount as the original function did pyer, | .2

The paragraph above describes the idea of average rate of change applied

to a specific interval. In class, Rico promoted that students use average rate of

%2 In class, Rico addressed the idea of average rate of change in both contextual
and noncontextual problems. One example of a contextual problem was
determining the average speed of a car that had been accelerating over a certain
period of time.The class concluded that the average speed was as if the car had
traveled at a constant speed the entire time covering the same distance in the same
amount of time (Videotaped lessorSeptember 18, 2007).
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change as a way of thinking for analyzaéunctionOs behavior bglecting
equally spaced subinteais for eitherx or f(x), and omparing the relative
changes tahe othewariable Table5).

Table5

Image of Average Rate of Change Conveyed by RicoOs Instruction

Case 10As | keep changingby the Case 20As | keep changirix) by the
same amount(x) is changing by more| same amouni is changing by less an
and more for the same changet less eachime for the same change in
f(x)O.

In what follows, Ipresent an example from RicoOs videotaped lessons. The
example is from the first lesson of the instructional sequence on radical functions
(October 415, 2007). | use this example to illustrate RicoOs use of average rate of
change as a tool to analyze adtionOs behavior.

Exampled4. Using average rate of change to think about an invegkionship

between ((Xx) = Jxvs. f(x) = x%) (Videotaped LessdhOctober 4, 2007).
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Thehomework assignmeirevious to this lessowas an exploratiaf?
Rico used the exploration as an opportunity to discuss the idea of average rate of
change in a contextual problem, and as a way to introduce radical funkliens.

goal of the lesson was to have studemtderstandpecific characteristics of the
functionf(x) = Jx that made it different from other functions in the course. In
other words, he wanted students to analyze the effect the square root had in the
relationship between the variahles

Rico staréd the discussion by writing= VX on the boardHe then asked

students to create a table of valuesgfach noting that the relationship was not
defined for negative numbers. Then, he wrote on the board a table of values, such
asTable 6below, and started a discussion about the changes in the output relative

to the changes in the inpixcerpt5 outlines the conversation

%3 The previous lesson discussed ladders and rdikis.exploration gave
studentsan opportunityto work ingroups. The context wasl&-foot ladder
leaning against a wall ianalmost vertical position. Students were asked to
analyze the relationship beterethe distance the ladder mowmivn the wall in
relation to the distance the ladder was pulled away from the Tedlresulting

function that modeled the situation wiiss V144! x°
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Table6

Table of \Alues fory = Jx

X
0
1 1
2 1.4

Excerpt5. Exploring changes in the output relative to changes in the input for

y= Jx (Videotaped LessdhOctober 4, 2007)

Rico: Already in the table what do we know about this function?

Students: It's ndinear.

Rico: S1, how come?

S1:. Because there's not a constant rate of change.

Rico: So, from 0 to 1 we saw a change by 1 in the values of the function. From
1 to 2, we saw the function changed byE

Students:41

Rico: .41, so it's not linear. We alsmtice whatOs happening to the changes, at
least so far.

S1: They are getting smaller.



Rico: The relative changes here, the amaucihanges for the same change,in
appears to be decreasitfdlow, whether that continues or not, we have to
see. We candep going3,4, and so orh writes numbers on the board as
the students dictate the values to him] [...] Does that pattern seem to be
continuing? So, why is this happening? Why &hanging less and less
for the same change ¥? What about the relatiomig of the numbers is
causing it? How could you explain it to somebody else?

At this point in the course, the class had already established a way to test
whether a function was linear or not, by inspecting a table of ¥&tu¢he

function. In this partiular conversation, Rico made the choice of seleatiiog

change by one unit each time. However, he did aaddin other instances, in an

effort to orientstudent® attentioto the relative changes between the variables,
and not just on the changest® output varialeN which can be promoted
unintentionallyif x is selected to always change bwyrit increments.

In Excerpt6, Rico continues the previous conversation. He went to the
board and wrotg = x* next tothe table of values for= JX that he had
constructed before.

Excerpt6. Comparingy = Jx and y=x* (Videotaped Less®hOctober 4,

2007)

24 DespiteOs RicoOs attempts to redirect studentsO attention to focus on the relative
changes of one varibwith respect to the other, it seems that the students kept
paying attention to only one of the variables. | will later present RicoOs insights
regarding this type of problem.
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Rico: Okay, so when we lookeat this functiory = x*, and we talked about as

changes by the same amount,jth@lues continued to change more and
more asc increasedE starting at zero ands increasing, right? Sox
changes by the same amounthanges by atger and larger amount

each time. Could we also describe what's happening to this function [
y = x*] by changing by the same amount each time? And talking about

the change im required such thatwould change by the same amount
eachtime? So, what would be true if we wanted to chanigg, say 2 each
time, what would be true about the amount thabuld have to change?
Talk to the person next to you. [The students break in groups and talk to
each other for approx. 3 minutdhen, tley go back to thgroup
discussion.]

Rico: So, what would be true about the changefior us to fill out a table that

looks like this [table of values for whighchanges by-2init increments]
fory = x*? Thex values would be gettingrger?
S2:  Yes.

Rico: What else?

S3:  1tOs getting smaller.

> Rico was referring to a problem with which they had worked on in a previous
homework assignment, and which they analyzed in a similar way as he describes
in the excerpt. The context referred to the distance (in feet) an object travels when

starting from rest and falling for t secondg) = 16t*. The domain startatt = 0.
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Rico:

You have to decrease yoxvalues? So, | go from 10 to 9 to 8 to 7? You

mean like that?... Thevalues are getting larger. But, what else do we

know?

S4:  xchanges by a smaller amount each time?

Rico: xchanges by a smaller amount each time? You guys agree with that? So,
if when we changg by the same amount each timehanges by larger
and larger amounts. If we turn that around when we talk abgus if
changing by the same amount, tkatould be changing by less and less
and less, in order to make that true. Well, let's see if we can kind of apply
this Obackwards thinkingO ovelyts Jx . Foryto change by the same
amount eachne, let's just choose 1... fpto change by 1... from 0 to 1,
from 1 to 2, from 2 to 3, from 3 to 4 and so forth. What has to happen to
x? x has to increase butE

S5:  xhas to increase slow.

Rico: What do you mean by increase slow?... What has to happbea change
in X each time fol to change by the same amounty‘erx& ?EAsy
goes from 0 to 1 how much did x change by?

Students: 1

Rico: Asy goes from 1 to 2 how much dichave to change by?

Students: 3

Rico: 37? Asy goes fron2 to 3 how much did have to change by?

Students: 5
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Rico: And for y to go from 3 to 4, x would have to change by 7. So if you are
thinking about your perfect squares as kind of benchmark points as you
are going, you have to change x by larger and larger amounts in order to
continue to get the same change inght? [See part a) froffable 7as a
reference] And so, that means that for equal changes in x then the change
in y is getting smaller, and smaller, and smaller [see part b) Tadste 7
as a reference].

S4:. Is that because the perfect squares keep gé#itiger and farther apart?

Rico: Well, yeah, basically... if you are thinkig those as your benchmark
points, then yeah, in thevalues.

Table7

Analyzing theBehavior ofy = Jx by Setting Equal Incremenfisr One Variable

and Comparing the Relative Changes on the Other Variable

Part a) dunit increments ity Part b) Tunit increments ix
! [
X y X y '
0 0 0 0
+1 D +1 41 D +1
1 1 1 1
+3 ) +1] +1 D +.4
4 2 2 1.4
o 9 3 D o 3 1.73 D +3
7 16 4 D 1| 41 4 2 D +2
! I

Rico: And really there is a relationship betwe;enx/; andy = x*, right?

Because in this function [he points to the table of value'ﬁ:Fo&],

when you think about the perfect squares over here [he points to the
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following values (1,1), (4,2), (9,Bvouldn't those appear as your

values? Whereas over hg¢as he speaks, he constructs a table of values
fory=x?, including the same points he highlighted before, but the inputs
and otputs are reversed, sEgure9] they are youk values and the

number that's beingysared is youxk values herey = x*], but it is youry
value in this relationship= Jx . [E] So, when x changes by constant
amounts foy = x> and the output values change by more and more and
moreeach time ... then if you reverse that relationship and you want your

output values herey[= \/;] to be changing by the same amount those

values would have to be changing more and more. Or we can go back to

our thinking of changing by the same amount and the outputould be
changing by less and less [for \/;]. So then, what does the graph of

y= Jx would look like to support this understanding of behavior of

the function? Sketch whabwy think it looks like just real quick on your
paper and then graph it in your calculator. But, sketch it first. How does it

have to look like to support the behavior we just discussed?
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Figure 9. Comparing the table of valuesrfy = Jx and y=x.

As the students constructed their graphs, Rico went around the classroom
looking at studentsO graphs. Findiywent back to the board and sketched the
graph of the function, pointing out that the graph did support the functionOs
behavior that was discussed befirasx changes by the same amount each time,
y changes by less and less.

In the postlesson reflectin, Rico explained that his choice boingin

y = x*as a way to analyzg= VX had been intended fstudentso start noticing
the relationship between the two functions. ifhd decided to discuss the idea of
the perfectsquares as possible benchmarks as a way totorstgdentsO attention
to the facthat the input and outpwtriableswere reversed for= x> andy = Jx.

Rico noted that for him, Oto understand the behavior of a square root function was
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to understand what has to happenxféor all those perfect squarisx has to
change by more and more, to hit those perfect square poigtshasges by the
same amouR (Rico, Podtesson Reflection 20071004).

Rico further explained that the idea of setting equal changes for the input
and analyzing the relative changes in the output, and vice versa, was a way of

thinking that they, as a class, had already talked abautother context This

time, he had brought it up with the goal of making the link betweenx’ and

y=+/x 7

Summary

Throughout Unit 1 of his redesigned Algebradurse Rico encouraged
students to use the ide&constant rate of change as a way to think about linear
functions. He did so, by encouraging students to extendrtiegining of slope,
and providenew meanings to procedures (e.g. find the equation of a line that
crosses through two points) and faag(if m= 0, then the line is horizontal)
that they had learned in previous courses. He then drew on constant rate of change
to develop the idea of average rate of change as a tool for analyzing a functionOs

behavior.

%% Rico was referring to the instructional sequence on accelerating dbjelcti
2.

%" Rico further noted in the pektsson reflection (20071004) that making the link

betweeny = x* andy=+/X , was a way to Oplant the seedO (RicoOs words) for

students, so that they could keep building on the idea of an inverse relationship
between the variables. Later, he would formalize it in the instructional sequence
on inverse functions. | come baitkthis idea in the section on Functions.
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In RI# 6 (April 13, 2010), Rico commented thahen he taught the course
in 2007, his goal had been to gaidentgo develop a genal understanding of
average rate of change. In the introductory lessons to Unit 2, there was a
discussion in which the class concludeat thelecting smaller and smaller
intervals led tanincreasen the accuracy adescribing a functionOs behavior
(Videotaped Lessdw September 12, 2007And, in some cases, Rico settthe
intervals to be so smathat comparing subsequent intervals imilge perceived as
running through a continuuVideotaped Lessdt October 04, 2007 However,
Rico had made the conscious decision not to formalize theoidete of change
to the extenof dealing with the ideaf instantaneous rate of change, whicthes
limit of taking smaller subintervals for calculating the average rate of change.

Rico further explained in RI#6 (April 13, 2010) that if he were to teach the
Algebra Il course again, this would be the section of the course where he would
make the mosadjustments to instruction. Excerpt7 he sharesis insights.

Excerpt 7. Rico's insights about his instruction on average rate of change (RI#6—

April 13, 2010).

Rico: [This second way through the redesigned couraels still experimenting
and trying to see what would work with my students. | still wasn't
completely satisfied with how this wefih the previous academic year]
becausavith all those things said aboutwdo analyze the functions, |
don't think | did enough to help the students appreciate what average rate

of change meant and really what it was that they were finding. And | think
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that had | made a larger effort to do that, | could've levertdgs to asst
their understanding of other functions and not have it be dopfsonot...
inexact about the way we were talking about thisEe Wbrt of talked
about thatif you keep changing by the same amount, here's hpw
changes, we compared the actual gesnin the/'s. But we didn't really
compare average rates of change and what would that mean for different
interval$® [E] But again, it took me going through and trying what | did
in this unit to realize that | didn't do a good job with average rate of
change | think that if | hadE it just kept feeling like | was a little bit
limited by the choice that | made to not, | guess, to not make it so
important that the students understand specifically what the average rate of
change is.
Function
In the introdution to this chapter, | explained some of the reasons that led
Rico to redesign the curriculum for his Algebra Il course. Among these reasons
was after 2005 Rico came to realize that his previous instructional approach to
function transformatioris and thecourse in generill did not orient his students
to develojng powerful understandings about functions. Specifically, in the
function transformations chapter, as he used tdtgaRico had students practice

graphing complicated transformations throughtbetchapter. Sometimes, these

28 | interpret Rico to mean that he was not encouraging students to compare the
slopes of the secant lines for different intervals.
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transformations, as he recalled back in RI# 4 (March 25, 2@tid take

students more than fivainutes to graph by hand. And in the end, as he notes in

the following excerptExcerpt8), he did not aent his students to thiirkg about

functions in the ways he now wanted them to.

Excerpt8. Rico's insights about his approach to teaching function

transformations prior to redesigning the course (R#darch 25, 2010Q)

Rico: [RicoOs approach to teaching function transformations prior to his
redesign] There was no connection between what was happening in the
function itself and what the graph was actually representing [E] To me,
there is nothing about meangiim that at all. Nowas there even anything
about functions[E] As | vary my argument what is happening to the
outputs of the function? That discussion was completely absent from
anything going on in function transformations.

There are two main ideas that | want to highiifyom Excerpt8. First,

Rico came to realize that studentsO interpretation of the tasks he assigned about

constructing the graphs of the transformed functions was different from his own.

That is, while he assigned tasks with itthea that students construct graphs o

functions, the tasks for them did not necessarily invtiugking about a

functional relationship at all. Second, Rico also came to realize that his previous

approach to teaching the topic did not provide the mearstddents to develop

an understanding of function as a relationship between covarying quantities.



In the previous sections of this chaptexplained that, in his redesign of
the caurse, Rico encouraged students to pay attention to defining variablés a
think of them awarying He also oriented students to thimiof rate of change
as a tool for comparing the relagichanges between the varialilegt conform a
functional relationshipln this section, | expandpon two ideas. First, | describe
ways in which Rico oriented students to build a sustained image of two quantities

as their valuegx, f(x)) vary. Then, | describe what Rico did in instruction

building toward inverse functions. | do this with the goal of providing a dense
the reader of the ways in which he encouraged students to build an image of
function as an invariant relationship between varying quantities.

Building a sustained image of two quantities as their values vary A
commoninstruction Rico gave in the homerkaassignments was to find the input
value for a given value of the output. Rico encouraged students to solve the
problem either algebraically or graphically. While this type of question frequently
appears in most Algebra Il courses, it is asked genemaljyin a section on
solving equations. In RicoOs case, he asked his students to find the input value for
a given value of the output in many varied settings to reinforce the need for
students to pay attention to the meaning behind each operation that they
performed as they worked their way to a solution.

The following examples demonstratég line of easoning that Rico
promoted forhis studentso follow for evaluatinga function for a given value of

the input Solution3) andfinding the value of the input for a given value of the
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output Solution4).?° Both examples arérawnfrom the instructional sequence
on linear functions.

Solution3. RicoOs approach to answering, OHowitthetion calculates the
output value for a given input value?0

Consider the linear function=! 2(x! 5)+10. When you input a value of
6, how is the function calculating what the output value will be?

First, we put in 6 fox: Yy =!2(6! 5)+10and we get 1 inside the
parenthesigyy =! 2(1) +10. This means that the changexiaway from 5 is 1. Sg
increased by 1, right from where we had our arbitrary starting value. Next, we
multiply -2 times 1, which is2. This value now represents the changgaway
from its starting value of 3. if decreased by 2 units from its starting value of 3,
this meas that the actual value gfis 1.

Solution4. RicoOs approach to answering: How does the function calculate the
input for a given output value?

Consider the linear function=! 2(x! 5)+10. If the value of y is 7, what
is the value of x?

First, we can rewrite the equationydsl0="12(x! 5). yOs current value
is 7, and it changed away from its original value of 200 #epresents the change
in y away from 10, which in this case-& This means that the valwfy

decreased by 3 units3=!2(x! 5). We know that the constant rate of change is

29 Both examples draw from the idea of constant rate of change to explain the
meanirg behind the calculations.
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-2. This means that whatever the change inchanges?2 times as much. In

1 1
addition, ify changed by3, then the change jcnwasa (orE) times as large as

'19 3
the change in. So the change inwas&ag( (! 3)or§. Finally, we know that

xOs reference value was 5 and it changé;d Bis means thatOs current value
iSS+—= >

As noted before, Rico did not expect that every time the students solved
similar problems, they did so by following each of the steps outlined above.
However, Rico felt that knowing what each operation meastas important as
obtaining a result. Thus, he encouraged students to practice this way of thinking
in class. He even included similar questions in the quizzes.

Later in the course, Rico encouraged students to graph the fufietion
their calculatorgnd use the functionOs graph or table of values to estirnTaiis
method was suitable for cases where solving the problem algebraically was not
viable, for example, with polynomial functions.

Excerpt9 illustrates the method described above. The excerpt is from a
videotaped lesson (September 28, 2000)nit 2. In the previous class meeting,
Rico posed a contextual problem that could be modeled with a cubic furkt¢ion.
expectedhe students to answesaries of questions (e.g. finding the appropriate
formula for the function, determining the domain and range, graphing the

function, explaining the meaning of the function in terms of the context of the
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situation) as homework. The next day, Rico allogeohe time for students to
discuss their answers with each other. Then, he started a class discussion in order
to highlight some aspects about the homework. It is in the context of the class
discussion thaExcerpt9 takes place.

The prior lessonOsontextual problem was about an artist (Amy) who was
selling sculptures. As part of the assignment, students had to come up with a
function that modeled AmyQOs income in dolférsas a function ofi, the number

of replicas that she couldeate and sell. The function that modeled the situation
was the followingf(n)=1.3n" +1500.

Excerpt9. How many replicas did she create if you knew AmyOs income was

$36,704.70? (Videotaped Les$bBeptember 28, 20Q7)

Rico. How many replicas did she [Amy] create if we knew her income was
$36704.70, assuming that our model is perfect in terms of what it predicts?

So, what do we do with this? [Rico writes on the board:

36704.70=150n! n°]

S1: Same as we did last timelug in 36704.70. y equals that, and then, find
where the line of intersect goes.

Rico: So, S1 is saying we should solve this with a graph. Can we solve it
algebraically? [Some students say OyesO and others say OnoQ]

Rico: Well, with quadratics your tdnigue is to set the equation equal to zero,
so you can employ either your factoring approach or the quadratic

formula. Do we know any formulas that work with cubic functions?
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Students: No.

Rico:

And, if we subtract, we end up with [he writds® ! 15001 + 36704.7(

on the boards he speaksCan we factor that down?

Students: No.

Rico:

40000

Not very easily. Your best approach here is going to be to use a graph, just
as S1 said. We are going to plug in our original function [Rico shows the

calcuatorOs screen on the overhead and graphs the following functions on
the same screerf:(n) =150 ! .3n*andg(n) = 36704.7C. Figure10

shows what is shown on the screen.

g(x) //'"_ _"\

300004

20000+

100004

f(x)

10 20 30 40 50 ED 70\

Figure 10. Graphs 6 f(n) =150 ! .3n*andg(n) = 36704.7C.

Rico:

S2:

HereOs our income functionE What does the horizontal line represent?

y = 36704
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Rico:

S3:

Rico:

S3:

Rico:

36704.70 dollars. So, what you want to figure out is when AmyOs income
[tracing thegraph off (n) with his finger as he speaks]... When is her
income equal to 36704.70 dollars [tracing the grag(fwith his finger

as he speaks]? So we find the intersection of those two functions and we
get 29.2 sculptures... and let's check the other one, because there are two
intersection points here... and we get 51 sculptures. Now, assuming that
our model is perfectly accurate, how many sculptures did she sell?

51

Did she really sell the 29.72dptures?

We need to cut it down.

Well, we really don't even think about that in terms of fractions of
sculpture, right? So really the answer to this oneE We really want to
choose 51 sculptures. The other answer doesn't seem to make seisse in th
context. And again, this is assuming that our price function... if she really
followed the price functioB0 on how to price the items, then this is a

perfect model for her income.

Rico oriented students to pay attention to all the operatioHghat the

performed to the input in order to obtain the output and vice versa. That is, Rico

%0 The functionwasstated in the contextual problem. It refers to the pfg®
that collectors are willing to pay (in dollars) as a function of the nuwibe
replicas that Amy createg(n) =1500! 0.3n°.

31| must clarify, as | did before, that in this case | am referring to operating with
quantities, not numbers.
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also encouraged students to find the value of the input for a given value of the
output. In ths sense, Rico was promotinghis studentshe developnent of a
sustainedmage of the two quantities involved in the functional relationship.

In what follows, | explain what Rico did in instruction as he built toward
the idea of inverse functions. It is in this context that a sustained image of the two
quantities involved in # furctional relationship was key to the studentsO
understandingSpecifically, Rico introduced the idea of a logarithmic function as
the function that reversed the relationship between the input and the output
variables for an exponential function.

The instructional sequence on inverse functions was a sequence in the
second semester of the course. However, in his redesign of Algebra Il, Rico
decided to include questions throughout the coursethitoward a notion of an
inverse relationship betwa the variables. For example, in the section on average
rate of change, | presented excerpts from the introductory lesson to the

instructional sequence on radical functions. In that particular lesson, Rico used

f(x) = x* as a resource farther exploref (x) = JX. He did so by orienting

students to analyze the relationship between the inputsudpdts of the
functions andvhat happened to changes in one variable relative to changes in the
other variable for the two furions.

Later in the course, after having defined and wonkéh exponential

functions, Rico drew fromeversing the relationship between the variablgsst
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as he did before witH (x) = x* andf (x) = Jx K to define logarithmi functions
as follows:

Consider the followingd* =10. Without graphing the function and using
Trace or the Table, we canOt answer the question OWhat exponent on 4
gives us 10?0 (Although we do know the answer is somewhere between 1
and2). We have a function whose input, X, is the exponent and whose
output, 10, is the result of using that exponent on a base=41@).A
logarithmic function, however, reverses thistakes the result (10) of

raising 4 to some exponent and uses #ssiit (10) as its inpul.he value

the function returns ithe exponenhecessary on 4 to get 1®ince we are
working with an exponential of base 4, the logarithmic function would be
called a Obase 4 logarithmO or Olog baS®4i3/ou want to know the

answer to the question OWhat exponent on 4 gives us 10?0 the answer
would be OThe log base 4 of 100 (which again means the output of the log
function, which is the exponent you are looking for, and will be some
number between 1 and 2). (Rico, Homework gssient 20080124)

Thereare threkey aspects of the previous excerpt that | would like to

highlight. First, RicoOs choice of sequencing the ideas (exponential, logarithmic,

and inverse functions) was different from the textbookOs sequencing. Second, this

equatiord” = 10in the context of exponential functions, was about finding the

inputx such thay'(x) =10. Third, Rico introduced logarithmic functions by

attending to theneaningof the relationship between the quantities of an
exponential function.

Regarding the first aspect, RicoOs sequencing of ideas regarding
exponential functions, logarithmic functions, and inverse functions was different
from the textbookOs approach. The textbook introduces the topic in this order: 1)
exponential functions, 2) imvse functions, and 3) logarithmic functions. In

RicoOs case, he reversed the order between inverse functions and logarithmic
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functions. | do notonsiderwhether one approach is better than the other in terms
of which topicshould gdfirst. Instead, | pait to what Rico did in the courggior
to the instructional sequences on logarithmic functions and inverse functions that
wasaimed at preparing studentsO thinking to get to a point in which reversing the
order ofthe topics was intended to help studel@gelopmore powerful meanings
about exponential functions, inverse functions, and logarithmic fundtorls
about functions, in genejal

In the lessongrior to the homework assignment fromialinthe excerpt

above was takerhe class had worked withgonential functions of the form

f(x) = ab*wherea represents the initial value abdlenotes the growth factor.
Also, as lhadexplained before, the question of finding the ifpirt this casexN

for a given output of the functiofi(X) =10, was already established as a natural

question to ask about functions, including exponential functions. Up to this point
in the coursestudents@ethods for answering the questiafrwhat input will

produce a given outputcluded creating a table of values or a graph of the
function, rather thaemploying thealgebraic method.

Together, these two examplekdefiningfunctions that areverse of

each other {(x) = x? and f(x) =/x, and f(x) = 4% and f(X) = log, (X)) point

32| also refer the reader to a previous example from the section on constant rate of
change. In that example, RicoOs instruction broogdtutlentsO attention that
even though the formulas=! 2(x! 4)+ 3andy="!2(x! 6)! 1llooked different

both represented the same function, the reason beinglltttze inputs for each of
the formulasvere associated witkxactly the ame outputs, thudefining the
same relaonship between the variables.
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to an important characteristic of how Rico treated functions in instruction: what

made a function be a function was not specific features of the graph (e.g. a u-

shapedgraph) or specific features of the formula (e.g. the one with\/— orl0g).

Instead, he constantly oriented students to paying attention to the relationship
between quantities, regardless of the representation with which they were
working.

Throughout the course, Rico kept orienting conversations so that students,
as a group, talked about aspects of the functional relationships rather than features
of the representations per se. He did so in many ways. For example, he always
asked students to plot a point and explain its meaning in the context of the
situation. He held discussions with students contrasting features of the phenomena
that they modeled vs. features of the graphs used to represent the phenomena.
Finally, as I showed in the introductory lesson to radical functions, Rico first
discussed the properties of the function with the students and then he asked them
to sketch the graph according to what they had just discussed. He encouraged
students to sketch the graph according to their interpretation and then compare
their graphs to that provided by their calculator.

In his new Algebra II, Rico encouraged students to use different
representations for functions. However, for Rico, the ultimate goal was no longer
that his students move flexibly from one representation to another, as was his goal
when he previously asked students to construct graphs from algebraic formulas.

Instead, his goal was that students come to conceptualize functions in such a way
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that regardless of the representatiogyttvere using at the moment, they were still
thinking about a functidk an invariant relationship between covarying
quantities.

The relationship between exponential and logarithmic functions that we have studied in great de
recently is a great example of inverse functions. Consider the fungfipng=5" and

g(x)=log, (x).

Forf (x): y Fog (X)
X y 120 X y &
-3 | 1/125 i 1/125| -3 3}
-2 1/25 gg 1/25 -2 5k g(x)
-1 1/5 70 fx) 1/5 1 "
B0
0 1 ig 1 0 20 40 B0 B0 00 14X
1 5 “ 5 1 at
2 25 fg 25 2 2
3 125 = 125 3 N
4k

The relationship between these two functions should be cleaBtthasnput and output
valuesshow the same relationships, but the variables are switched. In one function, the exponer
the input and the result of raising 5 to that exponent is the output, in the other function the resuli
raising 5 to an exponent is the input and the coomdipg exponent is the output. The functibasd
g given above armversesof each other. Amverse functionis a function that shows the same
relationship as another function but reverses the inputs and outputs (so what useis twolpey and
whatused to be is nowx).

YouOll notice in this case that the inversi(ahich isg) is also a function since each input
value has a single unique output. This may not always be the case. Other examples of inverses

f(x)=x" andg(x)=x or f(x)=x* andg(x)=+/x (although we have to be careful with this
second inverse paweOll get to that).

Figure 11 Introduction to Inverse Functions (Homework AssignmEsbruary 8,
2008)

This is not to say thakico did notvalue using multiple representations of
functions. In fact, in the definition shownkigurel1 from the introductory
homework pertaining to theastructional sequence on inverse functions (Felgrua
8, 2008) Ricointroduced the idea of an inverse function by means of four
different representations (algebraic, graphic, table of values, and a written
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description)*® The differencenow, however, was thawhat Rico oriented
students to pay attentioa was what remained the saawrossrepresentations
the functional relationship between the variables. In other words, the idea of
function that Rico now envisioned for students was such that, Othe core concept of
OfunctionO is nepresentedy any of vihat are commonly called the multiple
representations of function, but instead our making connections among
representational activities produces a subjective senseasfanee@Patrick W.
Thompson, 1994b, p. 23)

A brief comparison between RicoOs curriculum design and the
textbookOs presentation of topicé\ccording to Rico, other colleagues (and
himself in the pastlised to follow the textbook much more closely than he did in
his redesign of the course. He stated in RI#1 (March 9, 2010) that he used the
textbook in his redesign as a source of contextual problems, but he never used the
follow up questions because,him, those questions were just Oprocedures with
words around themO. To further understand what Rico meant by this, | present a
brief comparison between the textbookOs approach and RicoOs approach to
teaching inverse functions.

Contrasting RicoOs curriculudasign with the curriculum as suggested by
the textbook, opens up new insights about RicoOs design of instruction at different

levels (from particular tasks, to their overall treatment of the mathematics). To

% n the next section of this chapter, | expand on RicoOs treatment of inverse
functions.



further expand on those insights, | would Iltkebring into the discussion,

SimonOs (2007) contrast between a teacher with perebptied perspective and

a teacher with a conceptidbased perspective to teaching. A key difference
between both perspectives (as | understand them) is the teachleopiphithat
guides his selection (or design) of tasks to use in instruction. | use the word
philosophy, because it seems that in appearance either teacher, informed by 20
years of reform, would select tasks that revolve around real world applications, or
promote that students work in groups, or even both teachers would expect to hold
whole group conversations in which attending to studentsO strategies behind their
solutions are valued and encouraged. However, a teacher with a perbagtaoh
perspective mght fail to provide substantiated reasons as to what purpose these
Oin vogueO activities might serve in students coming to learn the intended ideas
behind the tasks. In contrast, a teacher with a concepéised perspective about

his practice, would bebde to develop a personal theory of student learning that
would inform his practice. In this sense, holding whole group conversations
allows the teacher to make better sense of how the students are interpreting
instruction, rather than, OletOs engagevimoée group discussion in which you,
students, participate in trying to guess what | have in miid®, going back to

the contrast between the textbook and RicoOs curriculum design, P&tretch

3| use OstretchO because IOm extending a researcherOs lens to analyze a teacherOs
practice nto an authorOs intended ideas as conveyed by the textbook. However, |

am the first one to understand how hard it is to convey oneQOs ideas in written

form. So | do not make claims about the authorOs perspective. | do make claims

about the authorOs conveyeessage.
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SimonO&007)two perspectives (conceptioand perceptiofvased) to contrast
the two approaches. | take the idea of inverse function as an example. | first
describe very briefly the textbookOs approach, and then | espavitht |
discussed in the previous sections of this chapter regarding RicoOs treatment of
inverse functions.

TextbookOs approach to inverse functiofiBe instructional sequence
starts by providing a contextual problem. The contextual problem involves a
skating track that is .4 km long. The number of laps a skater needs to skate
depends on the distance of the race. Students are asked to fill in a table that relates

the distance in km, and the number of laps.

Speed Skating Races
Distance | Number of
(km) laps
10 ?
?
?
3.75
? 2.5
? 1.25

Figure 12. Table that relates the number of laps to the distance (in km) of the
race.Source(Rubenstein, Craine, & Butts, 2002)
Then, the problem asks students to write a rule that describes the number

of laps skated as a fuimh of the distance of the rae@d the rule that describes
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the distance of a race as a function of the number of kapsds Finally the
students are asked to graph both retethips on the same set of axes.
Then the textbook provides a definitio®Two function§andg are

inverse functions i§(b) = awheneveif (a) = b O(Rubenstein, et al., 2002, p. 297)

and shows students that the graph of the inverse is the reflection of the graph of

the function Also, students are directed to t@reful not to confound the

exponentlin f''(x) with the reciprocal of the functio?(l—x). In addition a

procedure for finding an inverse function by reflecting the original function over

the line y = x is provided, noting that students should use the vertical line test

whenever they reflect the graph, so that they can make sure that the reflected
graph represents a function. Finally, a method for finding the inverse function
algebraically igorovided.The section is followed by practice problems.

Comments to the textbookOs approach to inverse functions.

1. The definition of an inverse function is provided as a mere fact and it is
not used in any other contéknhot even to justify the algebraicocedure
for finding an inverse function.

2. The image of an inverse function conveyed by the textiawith careful
attention to notation and to outline the different steps in the procedures to
determine inverse functions either graphically or algebraiigiyomotes
at most a pseudempirical abstraction of what inverse functions are.

3. The following section in the textbook introduces logarithmic functions as

the inverse function of an exponential, but based on the previous image,
! 122



one can imagine that the logamic functionf (x) = log,(x) becomes a
Oswitched graph df(x) = 5*O.

Comments to RicoOs approach to inverse functions.

1. As | explained in previous sections, Rico was Oplanting seedsO towards
building the idea of inverse function since the first semester of the course.

2. Rico introduced inverse functions, by means of comparing functions that
had the characteristic that théatenship between the quantities was
Oreversedd.

3. Drawing from function composition (which was an instructional sequence

in the first semester), Rico then asked students to compose the graphs of
f(x) =5" and g(x) =log,(x) (Figure 11) and further explore what it

means for two functions to be inverse of each otlrégufe13)

% Someone might argue that by introducing the contextual problem, the textbook
was doing the same. However, a student might also interpret the relationship
between the numbers in the table (Figure 1) as letting the .4 float around the table
without paying attention to the actual relationship between the variables: distance
traveled (in km) vs. the number of laps.
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Function Composition and Inverse Functions

Remember function composition? Cpasing functions involves taking the output of a
function and using it as the input of another function. Use the graphs above (and the corres
tables)create the graph of each composed function give below

JAC163) g(f(x))

120
110
100
90
80
70

50
40

20
10

20 40 BO 80 100 120

What happened when you composed the functions?

Why did this happerand do you think it will happen every time you have two functions that &
inverses of each other? Explain.

Now, try algebraically composing the functions (create the formula for the composed functic
simplify). Remember thay' (x)=5" and g (x)=log; (x).

Find the formula for/ (g (x)). Find the formula forg (f (x)).
Do the formulas support what you found in the graphs? Explain.

In the functionsf (g (x)) and g (f (x)), does €O mean the same thing? Explain.

Figure 13 Continuation of Introduction to Inverse Functions (Homework

Assignmeni February 8,2008).

4. Then, Rico provided a list of functionsf(x) = 0.5x%, f(x) = x?,
f(x)= %x! 4, and f(x) = 2¥) for the students to create the table of

values, graph the function and its inverse according to the table of value,
determine whether the relationships described a function or not, and to
create formulas for the inverse functions. Once the studentsfasled

the same process for different functions. Rico asked the students to graph
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all functions and their inverses on a set of axes and to see if they noted

something interesting about the graphs. He further asked students to graph

y = x. (SeeFigurel4 for an example)

Figure 14 Graphs off (x) =0.5x%, f(x)=x*, f(x)=2" andf(x) = %x! 4, and

their inverse relationships (nall functions).

In summary, from a general perspective, Rico was paying attention to the
long-term development of ideas and ways of thinking, such as the development of
the idea of function as a covariation of quantities. From agraged perspective
he paid careful attention to the logical development of every method, formula,
operation within formula, etc. that emerged in the discussions throughout the

course.
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A student experiencing instruction about inverse functions as treated by
the textbook woulgbrobably develop substantially different understandings
(about inverse functions, functions in general, where methods and algorithms
come from, etc) than a student in RicoOs Algebra Il. Coming back to SimonOs
perspectives, even though the textbook sthggltscussions with contextual
problems, and deals with multiple representations of functions, etc. it addresses
the mathematical ideas from a percepti@sed perspective. Whereas, | would
argue, based on the multiple examples that IOve tried to cofrstnuttis design
of instruction, that Rico is an example of a teacher with a concepised
perspective towards his instructional practice.

| referred to inverse functions as just an example, but if we were to zoom
in into other parts of RicoOs curriculdesign, we would be able to appreciate a
similar pattern: his careful attention to the integrity of the mathematical ideas and
the development of tasks and discussions around them that attend to the logical
necessity of someone who does not already steled the ideas, to develop
meaningful and powerful understandings of them.

RicoOs course aimed at helping students develofidangvays of
thinking and ideas. This aspect of his MKT cannot be described by attending to
particular lessons. It has to dotlwiongterm learning goals forié students.
However, if we were to discuss RicoOs curriculum design only from a general
view, then we would fail teruly describe the many ways in which he provided

his students with multiple opportunities to engage im#ellectually challenging
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and fun Algebra II course. Thus, a balance of the two views (a general view of
Rico’s overall curriculum design and fine-grained analyses of his lessons) is what
better helps to characterize Rico’s MKT.

Summary

In this chapter, I discussed ways in which Rico treated important
mathematical ideas in his redesign of the Algebra II course. Specifically, |
addressed Rico’s ways of thinking about variable, rate of change, and function.
Through various examples from Rico’s instructional material, videotaped lessons,
and reflective interviews, I highlighted ways in which Rico oriented his students
to paying attention to variables as quantities, to developing an idea of rate of
change as a way of quantifying the relative changes between two quantities, and
to function as defining an invariant relationship between covarying quantities.

In the following chapter, I will use Rico’s Algebra II as data in order to
further explore Rico’s MKT. I now delve into what allowed Rico to create the

course that he created and to interact with students in the way he did.
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CHAPTER N RICOOS MATHEMATICALKNOWLEDGE FOR TEACHNG

Introduction

In Chapter Il, | proposed Silverman afidompsonOs (2008) framework
for MKT as a way to describe how a person transforms his mathematical
understandings into pedagogical actions. According to the framework, a teacher
has developed a KDU when he constructs a scheme of meanings that proves
centralfor understanding a wide range of other ideas and methods. However, it is
until the teacher becomes reflectively aware of the KDU and realizes that students
would benefit from thinking in similar ways, that he is developing a KPU. A
teacher has a fully ¢eloped KPU when he has further developed a-mini
instructional theory about how he can support students in building the KDU.

In the previous chapter | provided details regarding the progression of
ideas in RicoOs Algebra II. | divided my descriptions @ptiogression of ideas
into themes according to three of the key mathematical ideas in which Rico
anchored the Algebra Il course: variable, rate of change, and function. For each of
these ideas, | provided details about the images that Rico promotettucting
by drawing upon instructional material, videotaped lessons, and excerpts from the
stimulatedreflection interviews. In this chapter, | use the images conveyed by
RicoOs instruction to further explore his MKT that supported his redesign and
teachimg of the Algebra Il coursé@ o do so, this chapter is divided into three
sections. In the first section, | describe the KDUs that | attribute tq Récihey

relate to thelgebra Il course. The second section provides explanations
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regarding what alloweRico to envision an alternative approach to teaching the
Algebra Il course. In the third sectiphdiscuss RicoOs KPUs that supported his
instructional design of the courgend in the last section of this chapter, |
comment on other aspects of RicoOs MENh as how he envisioned student
engagement and how he assess his practice.
RicoOs KDUs
In what follows, | provide explanations of the KDUs that | attribute to
Rico in relation to his instructional design and teaching of the Algebra Il course. |
focuson the schemes of meanings that Rico operated on specifically addressing
his notion of varial®, rate of change, and functidkey ideas from which the
rest of the course emerged.
¥ Rico was fluent in conceiving of and operating with quantities. For
Rico, a \ariable represented a quantityOs magnitudes.
¥ Rico imagined variables moving smoothly. This means that, if
represents a quantityOs magnitudes, thewages throughout its
domain, it does so by taking on all the possible values along a

continuum.



¥ Rico® understanding of constant rate of change was deeply embedded
in proportional reasonindzor him,m represented a raféP. W.
Thompson & Thompson, 199%)a quantity that is the result of a

multiplicative comparison between two other quantities. For example,

suppose thah = %then, for Rico:

. 1.
o Whatever the change xpy changesn or:—gtlmesas much as
the change in.
. 1 .
o Whatever the change ypx changes b% or 3 times as much

as the change
¥ In thinking of average rate of change for analyzimgate of change
of a function, Rico could imagirgecant lines of a fixed length
running all the way through either the domain or range of the function,
in order to describe how the values of one variable changed in relation

to values of the other variih In addition, Rico could vary the length

%It is not always the case thatis conceived as a rate. Suppose, for example,
that someone holds either of the two following images ® %: Ofor every unit
thaty changesx changes b unitsO or Ofor every unit tiyathangesx changes
by:—lgof a unitO. In both cases, the person is coordinating the changes in one

quantity to changes in another quantity. However, in both cases, the changes are
fixed by Lunit increments. It might be possible that the person holding either of
the previous imaggsresent some difficulties in imagining the proportional
relationship betweerandy being maintained if the change in either of the
variables is .001 or 1,000, 000.
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of the secant lines to the point of making their length almost 0,
allowing him to describe the behavior of the function as if he were
referring to instantaneous rate of change.

Rico seemed to have an understagaihfunction as an invariant
relationship between covarying quantities. It was an invariant
relationship in that, regardless of the representation beingwhkad,
definesa function is the relationship between the quantares not the
representation pese

Rico imagined the quantities defining a function as existing

simultaneously(x, f(x)). That is, for Rico, ik = athen, he could find
f(a); and vice versa, if he knef§a) , he could also find. This

image is opposed to an image in whick # athen, one can find

f(a), but the question about findixgor specific values of (x) is

never asked. In the latterssgf (x) only exists as a consequence of
knowing specific values of.

RicoOs view of the domain and range of a function was compatible
with how Oehrtman, Carlson and Thompson (200&jine someoneOs
understanding of domain and rangenf a process view of function:
ODomain and range are produced by operating and reflection on the set
of all possible inputs and outputsO (p. 36); as opposed to conceiving
them as either the solution to an algebra problem (e.g. the denominator
cannot be z®) or as a property of a graph.
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¥ Rico conceived of graphs of functions as composed of points, each
point representing the simultaneous state of the two quarnitibe
functional relationshigSaldanha & Thompson, 1998y addition,
Rico could dfferentiate between the attributes of a physical situation
and the attributes of the graphthe function that modeled the
situation.

¥ More specifically, m envisoning function transformations, Rico did
not think off (x) = x + 2as the result of adding two units to the
algebraic expression of the functibfx) = x, so thatin order to
calaulate an output of the functidhere is one more operation to
perform, Oadding a twoO. Nior Rico thinkof function
transformations as shifting the graph of the function Otwo units upO.
Instead, Rico performed operations on functions. He envisioned a new
functiong(x) , which could be described in terms of the funcfi¢x)
as followsg(x) = f(x) + 2. OAdding the twoO was an operation
performed on all the outputs of a previously defined function and not
on single input values.

¥ Rico dd not conceive of inverse functions as the result of an algebra
problem, in which one has to solve foand interchange the literals in
the problem. Instead, he conceived of inverse functions as Othe

reversal of a process that defines a mapping from @f settput values
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to aset of input valuesO (Oehrtm&@arlson, and Thompson, 2008,
p.36).

Envisioning an alternative approach to teaching the Algebra Il course

In Chapter 5, | explained that, according to RicoOs report, he had always
enjoyed mathematiand that, for him, mathematics was about reasoning his way
through novel problems. Specifically, Rico demonstrated a strong personal
understanding in the two courses that he took as part of his participation in the
TPCC project.

RicoOs understandings af thathematical ideas in Algebra Il seemed to
have supported his curriculum redesiBespite RicoOs powerful understandings,
his instructional approach prior to joining the TPCC, according to both his own
narrative and sample materials that he sharedyatidim at helping students
develop powerful understandings such as the ones he himself held. It seems that it
was not until he became reflectively aware of his own understandings that he was
able to envision a new instructional approach for the coursbeByming
reflectively aware | mean that Rico became able to OseeO his own understandings
and take them as a point of reference for comparison (or objects for reflection) in
relation to his hypotheses of how someone else (his students) might come to learn
the mathematical ideas of the course.

In addition, it seems that Rico also became reflectively aware that his
studentsO mathematical realities were different from his own. Meaning that in

envisioning pedagogical actions to help studentgldgvthe ways fathinking he

! 13¢



held as learning goals, he also needed to attend to his hypotheses of where the
students were coming from and how they might end upprégng his

pedagogical actions, leading him to develop riteiories about how he could

best support histudents as he redesigned the course.

As a result of trying to come up with new ways to help his students
develop powerful was of thinking, Rico came to realize that if students
experienced instruction from a traditional apprddconsistent with the
textbook, other colleagues, and RicoOs previous instrictimstudents were
likely to develop misconceptions and might not develop powerful understandings
of the course material. According to Rico, (RI#1, March 9,2010), this was the
case with the function trsformations chapter that he used to teach prior to
joining the TPCC. His previous approach reinforced studentsO impoverished ways
of thinking about graphs and did not help them develop an understanding of
functions as a relationship between covarying tties.

In revamping the course, Rico came to realize that for students to develop
ways of thinking about functions that were compatible with what he had in mind,
he would need to begin establishing student thinking from the beginning of the
academic yeain order to do so, Rico anchored the course in a few mathematical
ideas that would provide students with tools for reasoning about functions. RicoOs
curriculum was not about topics or sections from the book anymore, which led
students to develop isolatadd disconnected meanings, but instead it was about

helping students develop ways of thinking that allowed them to internalize the
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curriculum as a coherent system of ideas. As a system, meanings were
interconnected and built on each other.
Rico’s KPUs

Variable Rico anticipated that studentsO previous understanding of
variade might be based on the idéweat a variable is a letter in an equation. Rico
realized that he had to provide opportunities for studergstemnd their
previously developed meanisiggo that they could come to imagine variables as
taking on any range of values through a certain domain fatwthe variable was
defined. However, at the beginning of the course, Rico did not emphasize
variables varying smoothly. He did this as heddllabout average rate of change.
All throughout Unit 1, Rico did emphasize variables assuming many different
values, but it seerfisfrom what can be interpreted from videotaped lessons and
instructional materid that variables varying smoothly, came intoyplantil the
class discussed ideas of average rate of change in Unit 2. RicoOs emphasis in Unit
1 seems to have been in students becoming aware that variables could take on any
of a wide range of values, and that those values were not always integers.

Rico designed antextual problems as tools for helping students conceive
of situations mathematically. He constantly oriented students to pay attention to
the quantity whose values a variable represeriigry time a variable came into
play, Rico put speci@mphasis on the variableOs definition and its units. Also, he
stressed that in a problem, a variable is free to Matycan assume any of a range

of values for which the variable is defined.
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Furthermore, Rico anticipated that if students could comfain& about
variables in the ways that he now intended for them, then, they would be
encouraged to think about constant rate of change as the result of operating with
quantities rather than numbefdso, he was laying the groundwork so that
students couldevelop a dynamic view of variable, which at the same time would
empower students to thinking about functions as composed of covarying
quantities.

Rate of changeRico anticipated that studentsO previous understandings of
slope were tied to an iconic imagéa line. In RicoOs view, this way of thinking
about slope was not about quantifying the relative changes between variables. It
was just about finding a numbey the result of dividing two numbemRico
encouraged students to pay attention to the ptiopat relationship between the
variables. Furthermore, Rico seemed to be aware of the problems that might cause
to students to consider whelmit changes, so he emphasized that, whatever the
change in one of the variables, the other changed toyes tlat amount.

According to the new ways of thinking about functions that Rico wanted
his students to develop, the idea of constant rate of change (with linear functions)
and later average rate of change (with-finear functions) could become a
powerful wayto orient students to analyzing a functionOs behavior by means of
assessing how the values of the variables changed in relation to one.drmther
Rico, this way of thinking about rate of change provided students with a new tool

for analyzing a functiosehavior, regardless of the type of function, without
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having to memorize a set of parent functions provided by the teacher, as he had
done in the past.

Function as an invariant relationship between covarying quantities
RicoOs goal regarding the conadgtinction was to set up a way of thinking
about functions that remained coherent throughout the course, regardless of the
specific operations that defined each type of function. Different operations
defined different functions, but in essence, all thcfions in the course
represented a relationship between covarying quantities, and that relationship
remained the same regardless of the representation that wlae describe the
relationship.

In order to develop such a sophisticated view of functiacg Bromoted
that his students develop an algebraic reasoning based on reasoning about
quantities. That is, Rico oriented students to think of algebraic expressions as
tools for reasoning about contextual situations. As students manipulated those
algebraicexpressions, they were encouraged to reflect on the operations they
performed, shifting away from mere manipulation of symHal&icoOs view, his
previous instructional approach and the textbookOs presentation of topics
encouraged students to memorineéless sets of algorithms and formulas (e.g. the
algorithm for finding the equation of the line that passes through two points) and
students were not equipped with the ways of thinking and reasoning that gave rise

to those formulas and algorithms. Ricofftsts were geared toward helping



students first develop a way of reasoning about the problems, and then, let the
formulas emerge as a way of generalizing such reasoning.

It was this way of thinking about functions that empowered students to
come to thinkabout function transformatioNsdefining new functions in terms of
previously defined functiof$ and inverse functioé reversing the relationship
between the variablBsin more powerful ways.

Other Aspects of RicoOs MKT

RicoOs pedagogical actions were getoward helping students develop
powerfulmeaning®f variable, rate of change, and functesmsupporting all the
different topics in the course, insteatltreating each topic as isolated from the
rest. By setting these few key idesasd building uponitem, RicoOs new message
to students was, Oyou are not always learning something new; we are just
advancing your reasoning a little bitO (Riddarch 9, 2010)In addition, Rico
came up with new ways to engage his students in the course. They had to become
aware that their role in a mathematamsurse changed, too. They now had to
engage in making sense of what others said and to become adept at
communcating their meanings. Furthermore, Rico considered that ¢ould
successfully frame his discussions ardunteresting practical situations and pose
natural questions that might come up if someone started to think about the
problems, then it was a way to engage students in applying some reasoning that

they otherwise would not apply. Instead of having stuglsatcessfully apply
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techniques to get to a solution, Rico now intended for students to actually practice
thinking mathematically about situations.

As Rico tried new ways of teaching the ideas of the course, he sometimes
felt constrained by the timee hal throughout the year to cover all the topics of
the DistrictOs mandated timeline. However, he also found it worth to spend more
time working on what he considered the foundational ideas of the redesigned
course, finding himself at times pleasantly sugisvith what students were now
able to do.

Finally, Rico established a new way for assessing student learning, and in
turn, he developed a means of evaluating his own instruction. He did so in two
ways. First, he structured his exams in ways that diffeoediderably from his
previous exams and the DistrictOs final examination for stuéfentsxample, in
the past, he used to give a considerable weight in the exams to questions in which
students were asked standard problems, such as, Ofind the eduatdme that
passes through two pointsO. Whether the student used memorized facts to get to a
solution or reasoned her way through the problem in order to obtain one, or if the
student was able to solve contextual problems regarding linear functiansptva
part of the final examinations nor RicoOs assessments.

In contrast, the philosophy Rico followed to write the assessments that he
used with the redesigned curriculum was very different. Although he included
problems similar to the one described aly@bout finding the equation of the

line, usually those problems came at the end of the exam. In their place, Rico
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included contextual problems for which students had to set up the function that
modeled the situation. They also were asked to define tiables paying close
attention to the units in which they were measured. Students were asked to
explain the meaning behind each part of the algebraic expressions thelRiased.
valued his students learning to communicate their meanings and explain their
thinking behind the operations they performed, rather than merely coming up with
a solution without ever providing their rationale behinéhita sense, Rico now
evaluated student understanding rather than just right ari$wirish may or

may not be indicate of student understanding.

It was in providing feedback to students in class conversations and in the
assessments that Rico was able to develop certain theories for himself about the
waysin which students might have understood certain ideas in theecand
how his pedagogical actions might have led students to think in unanticipated
ways>’ In other words, by reflecting on his own instructional practice, Rico
devised a way for generating new MKT.

Summary

RicoOs reesign of his Algebra Il course seetaave been driven by his
ability to envision what students might learn from different instructional
approaches and by his strong command of the mathematics with respect to how

students might experience the course material more coherently. In his cunricul

37 As an example, | refer the reader to the section in the previous chapter about
averageate of change.
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redesign, Ricalwaysconsidered (1) what someone might need to understand
already in order to understand OthisO in the way he was thinking of it, and (2) how
would understanding OthisO in the way he was thinking of it help students
understand relatedéas or methods. In a sense, RicoOs constant reflection on the
mathematics he knew so as to make it more coherent, and his continual
orientation to how these meanings and ways of understanding might work for
studentsO learning of mathematics, made RicatBematichecomea

mathematics of students. In addition, by listening to his students communicate
their meanings, and developing hypotheses about the sense the students made
from instruction, Rico now had developed a new wayetetbping MKT from

his practice
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CHAPTER 8\ CONCLUDING COMMENTS

Rico, a high school mathematics teacher, with only a few years of teaching
experience when he joined the TPCC, made the decision to undertake the arduous
task of redesigning the entire curriculum for his Algebreolirse. As a result of
his efforts, RicoOs students began to appreciate their newly found interest in
mathematics, and other colleagues began to notice that RicoOs students were well
prepared for their courses.

In attempting to answer the questiowhat ae the sources of RicoOs
effectiveneZdmy objective was to better understand what about RicoOs
mathematical understandings (RicoOs mathematics) and his understandings of his
studentsO mathematics (RicoOs mathematics of students) enabled him to teach,
accading to Rico, from a different perspective from what he had experienced in
the past. | emphasize that | do not claim that RicoOs approach to teaching Algebra
Il is not necessarily the Oright wayO to do it. In fact, Rico was the first person to
recognize Is teaching as part of an ongoing process of improvement. By
assessing student understanding of the mathematical ideas presented in the course,
Rico was able to consistently evaluate the effectiveness of his instructional
approach. In this sense, Rico leagaged in a process of learning from his own
practice(Simon, 2007)

I must also clarify that this was not a study about teacher change. At the
time that Rico taught the Algedil course that is the subject of this study, he was

in the second year of his innovative curriculum. The purpose of this study was to
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explore RicoOs strategic ways of thinking that enabled him to develop a different
approach to teaching the course. &fpeally, | attempted to gain insight into
RicoOs MKT by asking the following research questions:

¥ What are the mathematical ideas and ways of thinking that Rico

envisions for his students, as suggested by his design of instruction?

¥ What are the mathematicunderstandings that support RicoOs

pedagogical actions and design of instruction?

¥ What are RicoOs conceptions of his studentsO mathematics?

¥ In what ways do the above express themselves in RicoOs teaching?

The data for this study was generated in three phases. The data derived for
Phase 1 included videotaped lessons from the first semester of RicoOs Algebra |l
course during academic year 268008; semistructured poskesson reflections;
and RicoOs satbrstructed instructional material for the entire academic year.

A preliminary analysis of the data allowed me to develop specific
hypotheses regarding the mathematical concepts and ways of thinking that Rico
envisioned for his students to learn. From thi& fapproach to data analysis, it
was evident that Rico paid special attention to mathematical concepts such as
variable, rate of change, and functions. One problem that | faced in evaluating the
data was that | did not have videotapes of the first twekaef the course.

Therefore, | looked ahead to the stimulateflection interviews with three
primary objectives in mind. First, | planned to ask Rico to address his overall

organization of the courde better understand tiearning goals that he had
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established for his students. Second, | planned to ask Rico to provide details
regarding the steps he took in the first two weeks of the course and why. Since |
did not have video for those first two weeks, | used the instructional material that
he develope to generate talking points in orderdiscuss higpractice. My final
objective for the stimulateckflection interviews was to further investigate RicoOs
understandings of his studentsO mathematics regarding variable, rate of change,
and functions.

Phag Il of data collection took place during the months of March through
April 2010. During this period, | conducted a total of eight stimulaédiection
interviews with Rico. The interviews were videotaped, transcribed, and analyzed.
Finally, Phase Il conisted of a conceptual analysis of the prior phases, with the
primary objective of creatinmodels oRicoOsnathematical conceptions, his
perception®f student®mathematicaknowledge and his images of instrtion
and instructional design.

The findings revealed that RicoOs schemes of meanings regarding
quantities, variation, constant rate of change, average rate of change, and
functions supported him in developing a course aimed at helping his students
develop powerful understandindg$owever, other sidies have demonstrated
(e.g., Silverman, 2005; A. G. Thompson & Thompson, 189&)developing
powerful persongtnowledge regarding mathematics that one teagbes not

necessarily extend &nabling students to grasp the same level of understanding.
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With the @lucation reform effortthat have evolved oveéhepasttwo
decadesit is anticipatedhat RicoOs Algebra Il course redesign was not an
isolatedincident, yet this appears to be the casdll not provide explanations
regardingwhy this might be the case, sirbés is notwithin the scope of this
study. However, will emphasizekey areasof RicoOs MKThatare likely to
provide insights to teacher educators and researchers in develepmgsources
to support other teacharstheir development of MKT.

As | discussed in the previous chapteappears that the interplay
between two aspects of RicoOs MKT supported him in his curriculum design and
teaching of Algebra Il course. Specifically, he was reflectively aware of his
mathematical knowledge; and also, his deep concern for his studentsO
mathematical understandings. For example, Rico began to understand that
studentsO previous experiences in mathematics courses did not provide a
conceptual basis for building new ideas ilgébra Il in the way he now intended.
Thus, Rico included numerous opportunities in his lessons for students to rethink
key ideas (e.g. variable, rate of change, function).

Another important aspecf RicoOs instructipwhich was also reflective
of his MKT, wasthe myriadof connections among ideas that he persistéwahyt
in mind while designing his units and conducting bissbns. He repeatedly
included hints of connections to colfer as he called it, Oplanting those seedsO

in studentsO thinkiNgthathe anticipatedeveraginglaterduringinstruction
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Finally, RicoOs instructional design suggests that he was trying to
encourage his students to become reflectively aware of their own knowledge to
develop new methods of thinkinge also developed strgies to help students
acquire the means that were necessary to make sense of the formulas and methods
that they had memorized in the past but did not fully compret#dadg with
these efforts, Rico alsteveloped newneansof assessing whethstudents we
making sense of the lessons that they learfied key tothis assessment was that
students had tbecome adept at communicatingithreathematical meanindsy
talking to each other, in group discussions, and in writhipough he did not
articulate 1 as such, Ricappearedo have developed a personal theory of student
learning thawvas facilitated by the interaction between his anticipations of
studentsO reactions to the homework assignments and studentsO actual reactions.

RicoOs caskustrates tle potential foviewing MKT from a point of view
that pays close attention to the teacherOs understandings, with the ultimate
objectiveof uncovering mechanisms by which we can help teachers to become
reflectively aware of their own understandings in favioedvancingheir
instructional design and student learnilese observationgsemble similar
efforts at the elementary le@imon, 2007; Simo& Tzur, 1999) At the
secondaryadvel, Silverman and Thompsor{@808)framewok for MKT provides
a tool for exploring how teachersO persanderstanding iransformed into
pedagogicalinderstandingand how they might engage in further development of

their MKT based on their practice.
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To conclude, earlier | referred to Fensterhecand Richardson(@€05)
differentiation among successful, good, and quality teaching. | further explained
that for this study | would adopt a perspective of good teaching from a learner
sensitive perspective rather tha learnedependent perspective. In this sense,
although | wasnade awaref student participation in whole group conversations,
| did not possess access to further explore the sense that individual students made
of the ideas provided in the course. THusas unable to present a comprehensive
assessment of the effects of RicoOs instructional approach on student learning.
view this as both a limitation to this study and at the same time, an opportunity for
furtherresearch into this area.

Regarding theuality of instruction(Fenstermacher & Richardson, 2005)
efforts undertaken by individual teachers are most likely to fail if other teachers at
all school levels do not engage in similar efforts. By the time students were
enrolled in RcoOs Algebra Il course, they had not only developed schemes of
meanings that might be incompatible with what Rico wanted them to learn in the
course, but at the same time, students had already developed theories regarding
their roles in a mathematics ckagsom, making it difficult for them to realize their
own level of responsibility for their own learning. Rico invested a significant
amount of time and effort in providing students with opportunities to extend their
meanings and, at the same time, to em#im to engage in the course in a
different and more effective manner. From RicoOs point of view, the effort was

worthwhile because by the second semester of the course, the students were
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already familiar with his expectations regarding their involvenrettie course.

The learning goals that Rico had established for his students at the beginning of
the course were gradually being met. However, the question remains in regards to
what might have happened with those same students if after one year they went
back to a traditionally taught mathematics course. It is hoped that their newly
discovered enjoyment of mathematics and mathematical thinking might have been
powerful enough so that they didnOt go ltaaid habits of mind in which

striving to make sensgas not aaorm.
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Name: Period: Assignment#: __

Systems of Equations
Honors Math Topics 5

An engineer is designing a new platform for tall buildings so that window washers, repairmen,
painters, etc. can move up and down the sid# the building. He needs to attach either rope or
metal chain to the platform, which will hang from a system of pulleys attached to a support

structure on top of the building. S
P 9 Suppoyt-¥| Q¥ Note: The rope or chain is unwound
L . . Structue OO from this location to lower the
This is a sketch of this S|tuat|on.RO cor 00O platform (in other words, the excess
che?in B 4 chain or rope is not dangling from th
OO support structure or stored on the
Platf)rm platform).

In order to attach the ropes securely and use the proper pulleys, the engineer must attach 50
pounds of additional equipment to the platform, which already weighs 200 pounds. Using the
chain, however, will only require attaching 15 pounds of additional equipment. The platform is
designed to carry workmen and supplies weighing 500 pounds.
1. What is the total weight that must be supported (so far) if he plans to use rope (donOt forget th
workmen and their supplies)?

By the wayEthe support

2. What is the total weight that must be supported (so far)| Structure in this exercise is an

he plans to use chain (donOt forget the workmen and th exa_mple of a:antileveng
supplies)? horizontal beam that is fixed a

one end and supports weight .

The chain weighs slightly more than the rope per linear the other end.
foot. A foot of rope weighs 0.56 pounds. A foot of chain
weighs 0.65 pounds. The platform needsur ropes or four chainsto hold it.
3. As the platform is lowered what happens to the total weight that must be supported from the to
the building (the support structure)? Why?

4. For each foot that the platform is lowered, how much weight is added to the total weight that th
support structure must hold if (remember that there are four ropes or chains):
a. rope is used
b. chain is used

5. Write a function that represents the weight the support structure must hold if:
a. rope is used

b. chain is used
6. In Exercise 5, what do your variablgtand for (include units)?

7. What are the rates of change for each of the linear functions defined in Exercise 5? What does ¢
rate of change mean in the context of this situation?



8. How much weight would be added to the amount the supportstuatst hold if the platform was
held up by rope and the platform was lowered by 0.75 feet?

9. Identify two pairs of coordinate points that are true for the function representing the weight of tt
platform held by chains. What does each coordinate poéain in the context of this situation?

10. What is the solution to this system? What does it represent in this situation (be as descriptive
possible)?

11. What is true about the weights the support structure must hold when the platform id leagre
than the distance described in Exercise 10?

12. What is true about the weights the support structure must hold when the platform is lowered n
than the distance described in Exercise 107?

13. The engineer knows that the support structure dgrsafely hold 1150 pounds. How far down the
side of the building can the platform be safely lowered if:

a.rope is used
b. chain is used

14. What information must the engineer know (or find out) in order to determine if his platform des
will work safdy?

15. Are there any other considerations that might come into play for the engineer as he decides w
to use rope or chain?

16. Consider only the platform held by chain (write its weight function here: ). Tt
engineer knows that repstretches slightly as weight pulls down on it. He estimates that the actua
length of the rope will be 3% longer than it was originally measured. He creates the function
y=1.03x, wherex is the original length of the rope (in feetdanis the stretched length of the rope
(in feet).

Find the solution of the system involving the functipe 1.03x and the function you wrote in
the space above. What does the solution mean in this context? Explain the signifigamure of
answer in terms of systems of equations in general.
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